QUANTUM COHOMOLOGY AND PERIODS 
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Abstract. In a previous paper the author introduced a Z-structure in quantum coho- 
mology defined by the iC-theory and the Gamma class and showed that it is compatible with 
mirror symmetry for toric orbifolds. Applying the quantum Lefschetz principle to the pre- 
vious results, we find an explicit relationship between solutions to the quantum differential 
equation for toric complete intersections and the periods (or oscillatory integrals) of their 
mirrors. We describe in detail the mirror isomorphism of variations of Z-Hodge structure for 
a mirror pair of Calabi-Yau hypersurfaces (Batyrev's mirror). 



1. Introduction 

Hodge theoretic mirror symmetry is concerned with the equivalence of Hodge structures 
from symplectic geometry (A-model or Gromov-Witten theory) of Y and complex geometry 



(B-model or Kodaira-Spencer theory) of the mirror Y. In |37], we introduced a Z-structure in 
the A-model Hodge theory in terms of the -fC- group and the F-class of Y. When y is a weak 
Fano compact toric orbifold, we showed that this Z-structure in the A-side is in fact mirror 



to the natural Z-structure in the B-side. This was based on the mirror theorem [15| for toric 
orbifolds which will be shown in joint work with Coates, Corti and Tseng and a calculation 
of oscillatory integrals on the B-side. In this paper we extend the previous results in to 
the case of complete intersections in toric orbifolds. 

For simplicity, we explain the case where y is a Calabi-Yau manifold. The variation 
of Hodge structure on the A-side is given by the trivial holomorphic vector bundle J^f = 
H*{Y) X H'^{Y) H'^{Y) endowed with the flat Dubrovin connection 

yy = dv + Vo^, VeH^{Y) 

where Vor is the quantum multiplication by ^ at r € H^{Y). The Hodge filtration and the po- 
larization form are given by = i7<2{dim y-p)(y) and Q{a,/3) = (27ri)<^™^ /^((-l)^a)U/3 
respectively. For £ € K{Y), we have a unique flat section 5{£) of the Dubrovin connection 
satisfying 

5{£) ~ (27ri)-^™^e-^ ffy U (27ri)^ ch(^)' 



in the large radius limit, i.e. as e^'^'"'^ — > for all nonzero effective classes d G H2{Y;7j). The 
Gamma class Ty here plays the role of a "square root" of the Todd class (see (|l^)) so that 
we have Q{5{£i),5{£2)) = x{^ij£2) by Hirzebruch-Riemann-Roch. The T-integral structure 
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is defined to be the Z-local system consisting of tlie flat sections s(f ), 8 S K{Y). We call the 
pairing 

n(0,O :=Q(</>(r),B(f)(T)) 

of any section (/'(r) G M' with the flat section 5(f) the A-period of Y. Our main theorem 
identifies the A-periods of Y with the usual periods of the mirror Y. 

Let 3^ be a quasi-smooth Calabi-Yau hypersurface in a weak Fano Gorenstein toric orbifold 
X. Here we allow y to have orbifold singularities. Let A C Nk be the fan polytope of 
X. The Batyrev mirror of y is the hypersurface Y^ = {Wa{t) = 1} in the algebraic torus 
t = Hom(N,C^) ^ (C^)" defined by the Laurent polynomial = EfeeAnN "6*^ f. 

The affine hypersurface Ya can be compactified to a Calabi-Yau orbifold 3^o. 



Theorem 1.1 (Theorems |5.7| , 5.9 , 6.1C| ). The A-period for y associated to 8 & ^{y) ca?^ he 



written as a period ofY^ for some integral cycle Cs if either 8 is pulled-back from the ambient 
toric orbifold X or 8 = Opt '■ 



a^f"^ A • • • A 
ii 



:i) U{T,,8Ma))=[ (-l)^s^Wage(t;)!Res> ^ ^ " '-^ 

Jcp 



Here is a section of which (see (pi|) ) is asymptotically the same in the large radius limit 
as the unit class 1„ on the twisted sector associated to v ^ Box and <f(a) is the mirror map. 



We calculate the left-hand side of ([T|) as explicit hypergeometric series (Theorem 4.6) 



by applying the quantum Lefschetz principle |17, 16 1 to the mirror theorem ||15| for toric 



orbifolds. Theorem 1.1 then follows from the Laplace transformation of the previous results 



in [37|. Similar results for toric complete intersections are given in Theorem [5.7| . We use 



Theorem 1.1 to establish the mirror isomorphism between the ambient A-model VHS of y 



and the residual B-model VHS of y^ which preserves certain integral structures (Theorem 



The present work is motivated by Givental's celebrated paper on mirror symmetry for 
toric complete intersections, where Givental remarked that each component of the /-function 
can be written as an oscillatory integral. In terms of a hypergeometric differential system, 
essentially the same integral structure has been identified in the work of Borisov-Horja Q 
and Hosono [p^. The L-structure was also proposed by Katzarkov-Kontsevich-Pantev |40| 



independently. Our results give a partial affirmative answer to the conjecture of Hosono |33, 
Conjecture 6.3]. 

The concept of orbifold has been a rich source of ideas in mirror symmetry. For example, 
Batyrev's mirror may not admit a full crepant resolution for dimension bigger than 3. By 



the development of orbifold Gromov-Witten theory [0, 13, y , we can now work with partial 
resolutions with orbifold singularities. In this paper, we encounter a phenomenon of multi- 
generatior^ of orbifold quantum D-modules. This phenomenon was first observed by Guest- 
Sakai |2^] (in a different language) for a degree 3 Fano hypersurface in P(l,l,l,2). For an 
orbifold hypersurface, it can happen that the ambient part^ of the small quantum D-module 



-'^This does not mean that the quantum D-module is not cychc 

^The ambient part is the subbundle of the quantum _D-module with fiber l*H*^i^{X) C Hoih{y) where 
l: y ^ X is the inclusion of the hypersurface y into the ambient toric orbifold X 
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is not generated by the single unit class 1 as an O[z](2:5)-module0, but is generated by 1 
and the unit classes 1„ supported on twisted sectors. Here d denotes the derivative in the 
ff^^-direction and z is an additional variable in the quantum D-module (see Definition 3.1). 



For the A-model VHS of a Calabi-Yau hypersurface, this means that each Hodge filter 
may not be generated by < (dim 3^ — p) times derivatives of the top filter ^^^"^y , In fact, 
we will describe the quantum D-module of toric Calabi-Yau hypersurfaces in terms of the 



multi-GKZ system (Theorem 6.13 ) — a GKZ system defined by multiple generators. The 
same generalization of the GKZ system was proposed in a recent work by Borisov-Horja Q 
who called it better behaved GKZ system. This multi-generation is a reason why we needed 
to show Theorem |1.1| also for twisted sectors f 7^ 0. 

Acknowledgments The author has learned a lot from various joint works with Alessandro 
Chiodo, Tom Coates, Alessio Corti, Sergey Galkin, Vasily Golyshev, Yongbin Ruan and Hsian- 
Hua Tseng. He would like to thank them all. He also would like to thank Yukiko Konishi 



and Satoshi Minabe for very helpful discussions concerning their work |44|. He is grateful to 
Etienne Mann and Thierry Mignon for informing the author of their work ||4^ and to Martin 
Guest for very helpful comments on a draft version of this paper. 

2. Preliminaries 

2.1. Orbifold Gromov-Witten Invariants. Gromov-Witten theory for orbifolds has been 
developed by Chen-Ruan for symplectic orbifolds and by Abramovich-Graber-Vistoli for 
smooth Deligne-Mumford stacks. Here we fix notation for orbifold Gromov-Witten invari- 
ants. For the details of the subject, we refer the reader to the orig inal articles ||. 



Let X he& proper smooth Deligne-Mumford stack over C and X be its coarse moduli space. 
Set n = dime X. We assume that X is projective. Let XX be the inertia stack, which is the 
fiber product X y-xxx of the diagonal morphisms A: X ^ X x X. A C- valued point of 
IX is a pair {x,g) of a C-valued point x (z X and a stabilizer g G Aut(x) at x. Let 

IX = I I X^ = Xq u I I Xy, Xq = X. 

be the decomposition of IX into connected components. The index set T contains a special 
element G T corresponding to the trivial stabilizer g = 1. We set T' = T \ {0}. Let 
age(f) G Q>o be the age (or degree shifting number) of the component X^. The Chen-Ruan 
orbifold cohomology group H*j.^{X) is the Q-graded vector space given by 

<bW:= HP~^^^<^\x,;C), peq. 

{veT\p~2a.ge{v)e2Z} 

Throughout the paper, we ignore odd cohomology classes in Gromov-Witten theory i.e. ele- 
ments in FP-2^g^(^)(A'^) with p -2age{v) odd. {H*^^{X) is sometimes denoted by H^^ii^) 
in the literature.) We have an involution inv: IX IX given by {x,g) 1— )• {x,g~^). 
This induces an involution inv*: H*^y^{X) — )• H*^^{X). The orbifold Poincare pairing 



On the other hand, when z inverted, it is generated by 1 as an 0[z, z ^\ (2:9)-module under the assumption 
on the ambient toric orbifold in this paper. 
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['j Vorb 



: H*^^{X) (S) Hl^^{X) ^ C is defined by 



orb 



Q U inv* /3. 



XX 



This is a nondegenerate symmetric bilinear form of degree — 2n. Let X^^i^d denote the moduli 
stack of stable maps of genus 0, /-pointed and degree d G H2{X,'L). (This is the same as the 
stack of twisted stable maps K,Q^i{X,d) in Q.) This is equipped with a virtual fundamental 
class [A'o^i^d]"'^ G -ff*('^o,«,(i; Q) and the evaluation maps 



evi : Xi 



0,1,: 



XX, 



1, 



to the rigidified inertia stack^ X,^ (see [^). Take ai,...,a; G H*^^{X) and nonnegative 
integers ki, . . . ,ki. The orbifold Gromov- Witten invariants are defined by 

I 



0,l,d 



J](ev*(ai)UV. 



Because IX and I<Y are the same as topological spaces, we can define the pull-back ev*(aj) 
for Oi € H*j.^{X). The class ipi is the first Chern class of the i-th universal cotangent line 
bundle Ci <^o,i,d whose fiber at a stable map f : C ^ X is the cotangent space T*.C at the 
i-th. marked point of the coarse domain curve C. 

2.2. Twisted Invariants. Following [17, 55, we introduce the orbifold Gromov- Witten 
invariants twisted by a vector bundle V on X and a characteristic class c . We use these 
invariants to calculate the Gromov- Witten invariants of a complete intersection in X. Let 
c(-) = exp(^^Q Sfc chfc(-)) be a universal invertible multiplicative characteristic class with 
parameters s = (sq, si, S2, ■ ■ ■ )■ Let IV be the vector bundle on IX whose fiber at {x,g) is 
the g'-fixed subspace of Vx- In the twisted theory, the pairing (•,-)orb is replaced with the 
following twisted Poincare pairing: 



(a, (3) 



orb 



IX 



aUinv*(/3) Uc(XV). 



Using the universal family u: Co,i,d 
K'^iXo^Ld) by Vo,i,d = R7r,u*V. 



> X over Afo,z,rf, we define a -R'-group element Vo,z,d G 
Co,i,d > X 



X 



0,l,d 



Define the twisted Gromov- Witten invariants by 



fc2 



c 

0,l,d 



c(Vo,z,d)u]Jev*(ai)V'- 



Note that the twisted invariants equal the original ones when c is trivial (i.e. c = 1) 



The rigidified inertia stack IX is obtained from IX by taking the quotient of the automorphism group 
at {x,g) G IX by the cyclic group generated by g. 
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2.3. Twisted Quantum Cohomology. We can define both untwisted and twisted quantum 
coliomology, but we begin witli the twisted version because the untwisted version is obtained 
from it by the specialization c = 1. Let Eff;^ C H2{X;'Z) denote the semigroup generated 
by effective curves. The Novikov ring A is defined to be the completion of the group ring 
C[Eff For a curve class d G Eff;^^, let Q'^ be the corresponding element in A. Define Ag to 
be the completion of C[Eff^][so, si, S2, ■ ■ ■] with respect to the additive valuation v given by 



viQ'^) = [oj, v{sk) = k + l. 
Jd 



where c<j is a Kahler class of X. Let . . . ,4>n} C H*^^{X) be a homogeneous C-basis, 
{r^, . . . , T^} be the dual co-ordinates on H*^^{X) and r = Yld=i ''"Vi be a general point on 
H*^^{X). The twisted quantum product •'^ is defined by the formula: 

(3) (a«r /3,7)orb = 5Z ^ ("'/3'7,-^, •••,-^)o,z+3,d7^ 
where a, /3, 7 G H*^^^{X). This defines a unique element a P \n H*^^{X) ® As|r]. Here 
■^sM '■= ^s\t^ , ■ ■ ■ tT^\- The product is extended bilinearly over As|t] and defines a 
ring structure on H*^^{X) ® As[r]. We call the ring {H*^y^{X) ® As|r], w^) the twisted quan- 
tum cohomology. For a topological ring R with an additive valuation z;: i? — > M U {00}, 
we define R{z,z^^} to be the space of all power series Ylik^'L'^kZ^ with G R such that 
lim|^[^oo t)(afc) = 00. Let R{z} (resp. R{z^'^^) denote the subspace of z^-*^} consisting of 
nonnegative (resp. nonpositive) power series in z. These are rings when R is complete. We 
define the Dubrovin connection : H*^y^{X) As{z}|tJ z~'^H*^^{X) As{z}|t] by 

9 1 , c 
^^=d?^-z'^^'^- 

The differential equation V^s(t, z) = for a cohomology- valued function s is called the 
quantum differential equation. Define L'^(r, z) G End{H*^^{X)) (g) As{2;"^}[r] by 

(4) (L^(r,z)a,/3)^,b = («,/5)orb+ E (z^^' ^' ' ' ' ' ^' T' 

(d,07^(0,0) \ ^ I 0,l+2,d 

deESx,l>0 

Here l/{—z — tp) in the correlator should be expanded in the series X^fc>o(~^)~'^~"^^'^- 

Proposition 2.1. The Fjnd{H*^^(X)) -valued function L^(t, z) gives a fundamental solution 
to the quantum differential equation: It satisfies 

Vf(L^(T,z)a) =0, l<i<iV, VaG//:,bW 

and Ij^{t,z) = id +0{Q,t). We also have 

(5) (L^(T,-z)a,L^(T,z)/3)^,b = («,/3)orb- 



Proof. See p6| , Proposition 2.3] and p5| when A" is a smooth variety. In this proof, we 
will freely use the language of Givental's Lagrangian cone for which we refer the reader to 



1 27, 16 1 . From Tseng's orbifold Quantum Riemann-Roch (QRR) |55[], it follows that the 
twisted Gromov-Witten invariants (^) satisfy the String Equation (SE), the Dilaton Equation 
(DE) and the Topological Recursion Relation (TRR) listed e.g. in p^, Section 1]. (In the TRR, 
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we need to use the twisted Poincare pairing.) This is because these equations correspond to 
certain special geometric properties of Givental's Lagrangian cone (see |2^) and the symplectic 
operator in Tseng's QRR preserves such properties. The differential equation for L'^(t, z) has 
been proved for the untwisted theory for manifolds in |4^, Proposition 2] using TRR and 
the same proof applies to our case. It is easy to see that L^(r, z)^/? is a tangent vector 
of Givental's Lagrangian cone for the twisted theory. Here L'^(r, z)^ denotes the adjoint of 
L'^(t, z), i.e. (a, L^(t, z)^ (3)^^^ = (L'^(t, z)a, fi)^^.^,- By the Lagrangian property of the cone, we 
know that (L^{t, —z)^ a,Li'^{T, z)^ P)^^.^ contains only nonnegative powers in z. On the other 
handL^(r,z)t/3 = f3 + 0{z'^). Therefore we have (L'=(r, L^(r, z)t/3)^^j^ = (q,/3)^^j^ and 
so L'^(r, —z)^ is inverse to L^(r, z). This proves (|5|). □ 

Remark 2.2. The existence of a fundamental solution implies that the Dubrovin connection 
V*^ is flat, i.e. [Vf,Vj] = 0. This in turn shows that the twisted quantum product is 
associative. 

Definition 2.3 ([^, |^]). We define the J-function of the twisted theory by 
(6) r (r, z) := L^(r, z)-^ 1 = L^(r, -z)^ 1 . 

2.4. Equivariant Euler Twist. We consider the case where c is the 5^-equivariant Euler 
class e;^. Here 5^ acts on vector bundles by scaling the fibers and A G //|i(pt) denotes a 
generator. We have e\{S) = J2l=o ^^Cr-i{£) for a rank r vector bundle £. Then eA corresponds 
to the choice of parameters 

so = log A, = - l)\X-' {i > 1). 

If Vo,i,d is not represented by a vector bundle, the e;j-twisted invariants take values in C[A, A~^]. 
In this paper, we only consider the case where Vo,n,d is a vector bundle and no negative powers 
of A appear. Then we can take the ground ring to be (instead of Ag) the completion A;^ of 
C[Eff][A] with respect to the valuation v{Q'^) = j^uj, v{\) = 0. 

We assume that V is the sum Ci® ■ ■ ■ ® Cc oi line bundles such that ci {Cj ) is nef and Cj is a 
pull-back from the coarse moduli space X for all 1 < j < c. Let 3^ be a quasi-smooth complete 
intersection in X with respect to a regular section of V. Let l: y <Z X denote the inclusion. 
The pull-back l* : H*^^{X) ^ H*^^{y) and the push-forward l,: H*^^{y) H*^^{X) are 
defined by the inclusion Zy C IX. We also write Ijy{T,z), Jy{T,z) for the fundamental 
solution and the J-function of the untwisted theory of 3^. 

Proposition 2.4. Under the above assumption, Jj^^ {t,z) and J'^^{t, z) contain no negative 
powers in A. So we can set Ii^{t,z) := L''^(t, z)|;^=0) '^^{t'iz) := J^^{t, z)\x=o. Moreover, we 
have 

L*'L'^(t, z)a = hy(L*T, z\C a 

Here a,/3 G H*^hi'^)- The notation H2{Y;Z) H2{X-'L) means to replace Q'^ with 
fordeH2{Y;'L). 

Proof. The proof parallels the argument in Section 2.1]. By the assumption, for every 
stable map u: C ^ X m '^o,/+2,(i5 the convexity H^{C,u*V) = holds and the natural map 
H^{C,u*V) — )■ {u*V)xi^2 is surjective. Here is the last marked point on C. Therefore 
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^^0,1+2,(1 is a vector bundle and we can define the subbundle Vg d following exact 

sequence: 

(7) > V^,_,2,d > Vo,,+2,d > ev*^2^V > 0. 

Here note that IV defines a vector bundle on the rigidified inertia stack IX whose fiber at 
{x,g) G IX is Vx- Using ex{Vo,i+2,d) = <^\{K,i+2,d) U evf_^2 <5a(2^V), we find that L''^{T,z)a 
equals 

" + E T ( f n I ^M,i+2,d) n {^o,i+2,dr' 

This shows that L'^^ does not contain negative powers of A. Since L'^^ = id +0{Q, r), (L^^)^"*^ 
and J*^^ = (L''^)~^ 1 do not contain negative powers of A either. We denote by ev^ : <Yo,i+2,d — ^ 
{IXy~^'^ and ev-^ : yo,i+2,d — ^ {lyY^"^ the collection (evi, . . . ,ev;+2) of the evaluation maps. 
For the second statement, it suffices to show that 

/* evf (^PleiKw) n [Xo,i+2,dY") = 9* ev^ (^^' n [yo,i+2,d'f') 

d':u{d')=d 

where / and g are the inclusions: 

(i3^)'+i X Ty — ^ {ix)^+^ X Ty — ^ (ixy+^ x ix. 

We consider the fiber diagram 

Z ^ — > '^0,«+2,d 



ix^^^ X ly {ixy+^ 

When 3^ is the zero locus of a regular section s € H^{X^ V), Z is defined to be the zero locus 
of ev;*^2(s) £ -f^'^('^o,/+2,d) ev;*^2^'^')- Using the refined Gysin map f in [|2^, we have 

/*evf (v?e(V^,,+2,,) n [^0,^+2, J^'-^) = evf (v^?e(V^,,+2,,) n [^0,^+2, J^'^^) ■ 
Let j : yo,i+2,d Z he the inclusion. It now suffices to show the equality of classes on Z: 



E J* (^1 n [yo,i+2,d'Y'') = f [i^HV^^w^d) n [-^0,^+2,^]^ 

d':L,{d')=d 

Note that we only need to consider the case k = Q since factors out. By the functoriality 



[43 1 of virtual classes we have 



[3^0,/+2,d']™ = 0|:V^[^0,/+2,d]™ 

i':i,(d')=d 
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where Ox ■ '^0,1+24 — ^ Vo,i+2,d is the zero section (which is the bottom row of the diagram 
below). We can make the fohowing fiber diagram: 



yo,l+2,d 
3 



h\z 



0,1+24 



-24 



where s and sz are the sections of Vo,/+2,d and Vq d 



z induced from s G H^{X^V), 0^ and 
Oz are the zero sections and h is the natural inclusion. We have 0;^ = /i o 0^. Using the 
properties of the Gysin maps, we have 



j*0'x[XQ^ij^24]™ = i*^'x^'[XQ^i+24]™ = ^*z{^z)M[Xq^i+24]™ 

= e(V^,i+2,d)/i'['^o,/+2,d]™ = /■ HV,^i+24) n [Xo,i+24Y''] 
In the last step we used the exact sequence (|7|). The conclusion follows. 

Using (pi**^^ = —{zd^i'L^^{T, z)){h^^{T, z))^^ ^ we obtain the following corollary. 



□ 



Corollary 2.5. Under the same assumption, the equivariant Euler twisted quantum product 
•■^^ has the non- equivariant limit •'^ and we have 

where a,(3 G H*j.^{X) and in the right-hand side denotes the untwisted quantum product 

ofy. 

2.5. The Specialization at Q = 1. The divisor equation (|l|, Theorem 8.3.1]) shows that 
the Novikov parameter Q is actually redundant in the product (^. Writing 

(8) r = ro,2 + r', to,2 e H^Xq), t' e ^ HP{X) (B ^ H*{X,), 

p^2 v£T' 

we have 

Therefore the parameter Q plays the same role as e'^"'^ . We define 



The new product o!^ is a formal power series in r' and a formal Fourier series in tq^2- Similarly, 
by the divisor equation, the fundamental solution (^) can be specialized to Q = 1- Writing 
L''{t,z) := 'L''{t,z)\q=i, we have 



(9) (L^(T,z)a,/3) 



orb 



--ro,2/z 



a,/3)orb + 



(rf,0^(o,o) 

d&E{ix,l>0 



—z — ip ' 



T',...,T',f3 



0,1+24 



,{^0.2,(1) 
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Here the action of ro,2 on H*j.^{X) is defined by ro,2 • a = pr*(ro,2) U a where pr: IX — > X 
is the natural projection. The classical limit Q = t = corresponds, after the specialization 
Q = 1, to the limit r' = and e^'^"'^''^^ — >• for all nonzero d G Eff;t'- This is called the large 
radius limit. 

3. F-Integral Structure in Quantum Cohomology 

In this section we review the quantum D-module for stacks and its F-integral structure 
following 1 37]. See also ||3^ for a review. 



3.1. Untwisted Quantum D-Module with Q = 1. We denote by o,- := o^|s=o the quan- 
tum product of the untwisted theory of X specialized to Q = 1. In all the examples we treat 
in our paper, it turns out a posteriori that the quantum product is convergent in r. So 
henceforth we assume that is convergent over the region U C H*^^{X) containing the set 

{r € HU{X) I llr'll < e~^' , 5R((ro,2,d)) < -M W e Eff^tUO}} 

for some M > 0. Here || • || is a certain norm on H*^y^{X) and we used the decomposition (^. 
The region U is considered as a neighborhood of the large radius limit point. 

Let (r, z) denote a general point on f7 x C and (— ) :?7xC— J-C/xCbe the map sending 
(t,z) to (r, — z). In the untwisted theory we can extend the Dubrovin connection in the 
z-direction. 

Definition 3.1 Definition 2.2]). The quantum D-module QDM{X) is the triple 

{F, V, (•, consisting of the trivial holomorphic vector bundle F := H*^^{X) x ([/ x C) — )• 
(U X C), the meromorphic flat connection of F 

V:=d+lf;(^,oOdr^+f-V.) + ^l- 

and the pairing (•, ■)f: {-yO{F) O 0{F) z'^OuxC defined by 

(a,/3)F := (27riz)"(a,/3)orb for a G ^(r,-^), e -?^(r,^)- 
Here E G 0{F) is the Euler vector field 

E := ci{TX) + ^ (^1 - i deg r^i 

and deg denotes the degree as a class in H*^^{X). (In the definition of V, ^ should be 
understood as an element of End{H*^y^{X)) .) The connection V is called the (extended) 
Dubrovin connection. It has poles of order < 2 along z = 0. The pairing (•, ■)p is flat with 
respect to V. When we refer to QDM{X) as a D-module, we consider the action of the ring 
Ou[z\{zdi, . . . , zdj^i) of differential operators on 0{F) given by zdi ^ zVi. 

Remark 3.2. We work with the different conventions for V and {■,-)f from [^] to get a 
better match with the B-side. For the flat connection V°^'^ and the pairing (•, •)^*^ in |37|, we 



have V = V°'^ + f f and (•,-)f = (27riz)"(-,-)F > where n = dimc-Y. In what follows, we 
will translate the contents in |3^ in this new convention, but we will not remark the difference 
every time. 
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Remark 3.3. The quantum D-module can be considered as a variation of generalized Hodge 
structure. Generalizations of Hodge structure have been studied by many people and referred 
to in various ways: semi-infinite Hodge structure TERP structure [31| and non- 

commutative Hodge structure EO] etc. 



The quantum D-module has a certain symmetry which we called the Galois action in 
|. This comes from the divisor equation and the monodromy constraints for orbifold stable 
maps. Let H^{X; Z) denote the sheaf cohomology on the topological stack X which classifies 
topological orbifold line bundles. For ^ G H'^{X\'L), let be the corresponding orbifold line 
bundle, Co € -H'^(Ar;Q) denote the image of and fv{C) G [0, 1) PI Q be the rational number 
such that the stabilizer along acts on fibers of by exp(27ri/t,(C)). (The number fv{C) is 
called the age of along X^.) Define the map G(C): Hl^^{X) -> Hl^^{X) by 

(10) G(e)(ro e T„) = (ro - 27riCo) e^^^f^^^\, 

where G H*{Xy). Consider the following bundle isomorphism of F 

G^iO : Forb(^) X (?/ X C) ^ ^orb(^) X ([/ X C), 

{a,{T,z))^{dG{i)a,{G{i)T,z)) 
where dG{i) G ^nd{Hl^^{X)) is the differential of G{i). 

Proposition 3.4 ( |]37| , Proposition 2.3]). The bundle isomorphism G^{^) preserves the 
connection V and the pairing {■,-)f- This defines the H'^{X ,1)- action on QDM{X) and 
QDM{X) descend^ to the quotient {U/H^{X,Z)) x C. 

The solution to the extended quantum differential equation Vs = is given by the funda- 
mental solution L{t, z) := L^{t, z)\s=o in (^) multiplied by z~^ z^. 

Proposition 3.5 (|3^, Proposition 2.4]). Set p := ci{TX) and define 

z~^ z'^ := exp ^— ^^logz^ exp(/jlog z). 

Then Si{T,z) = L{t, z)z~^ zP(j)i, i = 1, . . . , N form a basis of (multi-valued) V-flat sections. 

dcg 

Each Si is characterized by the asymptotic initial condition Si{T,z) ~ z 2 zPe~'^'^''^4>i ^he 
large radius limit. 

Note that L(r, z) is convergent on [/ x C* so far as the quantum product is analytic on 
U since it is a solution to the quantum differential equation. 

3.2. F-Integral Structure. Let S{X) denote the space of multi- valued fiat sections for V. 
By Proposition it is a C-vector space spanned by L{t, z)z~^ zPcl)i, 1 < i < N. We will 
introduce a Z-lattice S{X)z in the space S{X) using the /C-group. A similar rational structure 



was introduced also by Katzarkov-Kontsevich-Pantev |4C]. Define a pairing {■,-)s- <S{X) 
S{X) ^ C by 

(^1,52)5 := (•si(T,e''^2;),S2(T,2;))orb- 



We can assume that U is invariant under the action of H^{X;Z). 
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Here si(r, e'^^z) denotes the analytic continuation of si(t, z) along the path [0, 1] 3 6 i-^ e^^^ z. 
Since si, S2 are flat sections, the right-hand side of the above formula does not depend on r and 
z. Note that (•, ■)s is neither symmetric nor anti-symmetric in general. It is symmetric (resp. 
anti-symmetric) when X is an even (resp. odd) dimensional Calabi-Yau orbifold. The Galois 
action on QDM{X) induces the following automorphism G^{i) of S{X) for ^ G H'^{X;'L): 
(G'5(e)s)(r,z) := dG{i)s{G{0-^T, z) for s G S{X). 

Let K{X) be the Grothendieck group of topological orbifold vector bundles on X . In the 
following, we could also use the Grothendieck group Kgx^{X) of algebraic vector bundles. Our 
integral structure depends only on the Chern character image of the -ftT-group, so the algebraic 
i^-group defines a subgroup of S{X)z- For an orbifold vector bundle take its pull-back 
pr* 8 to XX (pr : XX X \s the natural map) and consider the eigenbundle decomposition 
of pr* £\x^ with respect to the stabilizer action: 

v^*£W.= (pr*a,/ 

0</<l 

where (pr* f')^, j is the piece on which the stabilizer of X^ acts by exp(27ri/). The Chern 
character map ch: K[X) — )■ H*{XX) is defined by 

ch(f):=0 e'-'f ch{{pr* £),j). 
veT 0</<i 

Let 5yj^i, i = 1, . . . , lyj be the Chern roots of (pr* £)vj, where l^j = rank((pr* £)vj)- The 
P-class of £ is defined to be 

n^)--=® n \{n^-f+5vjA^H*{xx). 

fGT 0</<l«=l 

Here the P- function in the right-hand side should be expanded in Taylor series at 1 — / > 0. 
This is a multiplicative transcendental characteristic class. We write Vx '■= T[TX). For 
simplicity we assume that X has no generic stabilizers, as this is true for our later examples. 



Definition 3.6 (|3, Definition 2.9, Proposition 2.10, Remark 2.11], |0|, Definition 3.2]). 
Define the K-group framing^ s: K{X) — )• S{X) of the space S{X) by 

5{£){t,z) := {2TriyL{T,z)z-'¥zP^{£) 

(12) 

where *(£") := fx U (27ri)^ inv* ch(£'). 

dcgQ , 

Here degg denotes the degree without the age shift, i.e. we define (27ri) 2 \j^2k^xx) •= (27ri) 
and Pa-U is the cup product in H*{XX). The T-integral structure S{X)i C S{X) is defined 
to be the image of s. This satisfies the following properties. 

(i) S{X)z is a lattice in S{X), i.e. S{X) = S{X)z C. 

(ii) We have G^{i){5{£)) = 5{£ (g) C^) for ^ G H'^{X;Z). In particular the Galois action 
preserves the lattice S{X)z- 

(iii) The pairing (•, ■)s takes values in Z on S{X)i. For holomorphic vector bundles £^1, £"2, 
one has (s(fi),s(^2))5 = (-l)"x(f2, ^1) := Er=o(-l)'+" dimExt^(f2, ^i). 



^The convention here is difTerent from js^ ]. 
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The last part (iii) of the properties fohows from Kawasaki- Riemann-Roch |42, 54 1 and the 
fact that the F-class is roughly the half of the Todd class. In fact, for a smooth variety X, 
the F-class and the Todd class are related by 

(13) ((-l)^fx) • fx ■ e"^'^!^^) = (27ri)^ Td{TX) 

thanks to the functional equality r(l — z)T{l + z) = ttz/ s'm{Trz). (For an orbifold the rela- 
tionship is more complicated. See ||3^, p. 124].) 

Definition 3.7. For £ € K{X) and a section (p{T,z) G 0{F) of the quantum I?-module of 
we define the A-period Il{(f),£) to be the multi-valued function on U x 

(14) U{<P,£){t,z) := {^{t,-z),5{£){t,z))f. 

The special case Z{£) := (27ri)~"'n(l, £^), n = dime <Y is the quantum cohomology central 
charge of £ defined in 



orb 



Under mirror symmetry the flat section 5{£) should correspond to a Gauss-Manin constant 
cycle Cs and the above pairing Il{4>, £) to the integration of the de Rham form mirror to (j) over 
Cf. The unit section 1 should correspond to a holomorphic (oscillatory) volume form. Using 
L{t, z)^ = L(t, —z)~^ (^), we can rewrite the A-periods in terms of the inverse fundamental 
solution. 

(15) n(0,£-)(r,z) = (L(T,-z)-V(r,-z), z"-^z''*(0) 

In particular, Z{£) is a component of the J-function: 

where J(r, z) = L{t, z)-^ 1 is the untwisted J-function of X with Q = 1. 

4. Mirror Theorem for Toric Complete Intersections 

In this section we state a Givental-style mirror theorem for complete intersections in toric 
orbifolds. By the mirror theorem we can calculate the J-function or the fundamental solution 
in terms of explicit hypergeometric series. 

4.1. Notation on Toric Orbifolds. Toric orbifolds or toric Deligne-Mumford stacks were 
introduced by Borisov-Chen-Smith Q in terms of a stacky fan. Here we fix notation for toric 
orbifolds and state basic facts. We only consider compact weak Fano toric orbifolds without 



generic stabilizers. See |21, |4^, ^ for the basics of toric varieties and stacks. A similar but 
more detailed account was given in |]37| , Section 3.1] with a little different notation. 

Let N = Z"- be a free abelian group. Set Nr = N^^M. Let A C Nr be an integral convex 
polytope containing the origin in its interior. We choose a stacky fan (S,/3) on N adapted 
to A. It consists of the data 

• a rational simplicial fan S in the vector space Nr; 

• a homomorphism /3: — )• N such that {R>ofei, . . . ,M>o6m} is the set E^-^^ of one- 
dimensional cones of S, where bi = /3{ei) is the image of the standard basis € Z™ 
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which are adapted to A in the sense that A is the convex hull of 61 , 62 , . . . , 6^ and that 
bi, . . . ,bm are on the boundary of A. We call A the fan poly tope. These data give rise to a 
weak Fano (i.e. ci{X) is nef) toric orbifold X. The coarse moduli space X of A" is the toric 
variety associated with the fan S. We furthermore assume that 

• the fan S admits a strictly convex piecewise linear functionj] ip : — )• M; 

• the set A n N generate N as a Z-module. 

The first condition means that the underlying toric variety X is projective. The second 
condition^ ensures that the quantum D-module of X over the small parameter space H^'^(X) 
is generated by the /-function (see |]37| , Lemma 4.7]). Essentially the same assumption was 
made in |]37[| (see Remark 3.4 ibid). We usually identify a cone o" of S with the subset 
{i \ bi C cr} of {1, ... , m}. 

Remark 4.1. Borisov-Chen-Smith allowed N to have torsion and the torsion part of N 
equals the group of generic stabilizers of X. In this case the mirror of X becomes disconnected 
[37|. We will restrict to the free N to reduce technical complications. 

Take a subset {bm+i, . . . , bm+s} of (N n A) \ {61, . . . ,bm} such that 61, ... , bm+s generate 
N as an abelian group. These are called extended ray vectors. They define an extended stacky 
fan in the sense of Jiang [^] . Let /3 : Z"^"*"* ^ N be the homomorphism sending the standard 
basis vectors ei, . . . , e^+s to 61, ... , bm+s- Then /3 is surjective by the assumption. Define 
L := Ker/3. The (extended) fan sequence is the exact sequence: 

> L > 1/^+' — ^ N > 

and the (extended) divisor sequence is its dual: 

> M {I/^+'Y — ^ L* > 0. 

Here M := Hom(N, Z). Let A = D{e*) € L* be the image of the standard basis e* G (Z"+'*)*. 
The Picard group Pic(^) on the stack X is given by 

m+s 

V\c{X)'^ H'^{X;'L)^IJ' I ^ ZDi. 

i—m+l 

The image Di of Di in V\c{X) is the class of a torus invariant divisor. We call Di the extended 
toric divisor class. The anticanonical class is given by p := ci{X) = —Kx = YlT^i-^i- 
The extended anticanonical class is defined by p := X^I^l'^-^*- Every element of Pic(X) is 
represented by an integral linear combination of toric divisors Di, . . . , Dm- For an expression 
? = X^2=i ^iDi, define a piecewise linear function ip^ : Nk — )■ M by P({bi) = rii for \ < i < m. 
The function (p^ is ambiguous up to an integral linear function in M = Hom(N,Z). We have 
the following: 

• ^ is nef (resp. ample) <^=> (p^ is convex (resp. strictly convex); 

• For V G Box, {(/^^(w)} is the age fv{C) of the line bundle along X^. 



piecewise linear function is a continuous function on Nm which is linear on each cone of E. See for 
the (strict) convexity. 

® This second assumption is satisfied if 11°'^^ {X) is trivial; in particular if A' is a weighted projective space. 
We will state the toric mirror theorem without this assumption in [^. The results in this paper should be 
generalized also without this assumption, but we will stick to this case for simplicity. 
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Define the set Box by 



Box := \v 



3(T G S, < 3ci < I, V = Cj6j|. 



This parametrizes connected components of IX For v E Box, let Xy denote the corre- 
sponding component of IX and ly € H^{Xy) C H^^^^^\x) denote the unit class supported 
on Xy. Here age(f ) is given by age(u) = J^iea when v is written as f = X^iGo- "^i^* some 
cone 0" € S and Cj > 0. The extended divisors Dm+i, ■ ■ ■ , D,n+s correspond to the classes 
Ifo^+i, • • • , l6„+, in Hf^l{X). 

Note that H2{X;Q) ^ (0™"^%iQA)^ C Lq := L O Q. We see that H2{X;Q) has a 
canonical complementary subspace in Lq. For m + 1 < j < m + s, bj is contained in a cone 
cr of S and we can write bj = J2iea ^ji^i some Cji > 0. Then 5j := ej — Yli^a '^ji^i ^ Q''"+* 
belongs to Lq. We have 



m+s 



(16) ]Lq = H2{X;Q)(B 

j=m+l 

The elements 5m+i, ■ ■ ■ , 6m+s are dual to Dm+i, ■ ■ ■ , Dm+s and regarded as orbifold homology 
classes (of degree < 2). Set ^^x,a ■= {d G H2{X; R) [ Vf G {1, . . . , m} \ o", (A, d) > 0} for a 
cone a. The Mori cone NE;i:' C H2{X;M) is given by 

NE;, = ^ NE;t,a . 

The extended Mori cone NE^ C Ljr := L 0z ^ is defined to be 

NE;t:=NE;f+ Yl ^>o^r 

m+l<j<m+s 

For V G Box, we define to be the subset of Q*" x C Q'"+" consisting of ah d G Q™ x 
such that XlilL^* + f = and that {1 < i < m\di ^ Z} is a cone of S. Let us write 
V = '^i^fjCibi for some cone a and Cj G [0,1) and set Cj = for i ^ a. Then we have a 
relation Y^^iidi + Ci)bi = for d G IK^,. We denote hy d + v the element of Lq defined by 
this relation. The lattice L acts on by addition and ICq C Lq. We define the reduction 
function {— • } : — )• Box by 



m 

1 

m+s 



where {r} denote the fractional part of r. Because YllLi dibi + u = 0, we have {—d} = 
^l^^\di\bi + V and so {— d} G N. The reduction function in fact induces an isomorphism 
K^/L ^ Box. 

4.2. Mirror Theorem I: Toric Orbifolds. Let X he a, toric orbifold as in the previous 
section. Define M := SpecC[L] = Hom(L,C^). For d G L, let q'^ denote the corresponding 
element in C[L]. This is a function q'^: M ^ C^. The space M has a partial (possibly 
singular) compactification M. := SpecC[L n NE;f]. It has a special point (large radius limit 
point) defined by g*^ = for all nonzero d G L fl NE;f . We choose a Z-basis pi, . . . ,Pr+s of 
L* (here r := m — n) such that each pa is extended nef i.e. pa is semi-positive on NE;f and 
Pr+i, ■ ■ ■ ,Pr+s £ ^T=m+i Q>oDj. Then we have the corresponding co-ordinates qi, ■ ■ ■ ,qr+s 
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on M. such that q'^ = qf^''^'' ■ ■ ■ qfj^g''''^^ ■ These co-ordmates (gi, . . . ,qr+s) give a desingular- 
ization C"*"^ — > Ai such that corresponds to the origin of C^^'*. For d G Lq, q'^ defines a 
possibly multi- valued function on M.. Let p„ G H'^{X;Z) denote the image of G L*. We 
write plogq := X]a=i Pa log 9a- This is an //^(Af; C)-valued (multi-valued) function on A4. 

Definition 4.2 (fill; See also [|^, Section 4.1]). Take v G Box. Define an H*^^{X)-Yalued 
(multi- valued) function P{q,z) on an open subset of x by 



d€K, i=l llfc>0,{fc}=R}l^i + «^) 



Here all but finite terms in the infinite product cancel and Dj = for m+1 < j < m + s. The 
terms with d + v ^ NE;f automatically vanish and I^{q, z) is convergent in a neighborhood of 
0. Apart from the prefactor e^'"^?/^^ is homogeneous of degree 2age(f) with respect to the 
grading of Hl^^{X), deg(g'^) := 2{p,d) and degz := 2. The series I{q,z) := I^{q,z) is called 
the I -function. We have the asymptotics 

r(g,z)=e^^°s«/^(l, +0{q)) 

/(g,z) = l+^ + 0(z-2) 

where 0{q) denotes a function vanishing at and r(q) is a multi-valued map with values in 
H^,l{X), called the mirror map. The map r(g) induces a single- valued map 

(17) t((7): {{qi,...,qr.)\Q<\qa\<e]^Hfl{X-C)/H\X-Z) 

for some e > 0. Here H^{X; Z) acts on -f^~b('^) by the Galois action ^ i-^ G{£,). 

The following will be shown in joint work with Coates, Corti and Tseng [^] (see [18| for 
the case of weighted projective spaces): 

Theorem 4.3 ([|^). Let X be a toric orbifold in Section and J{t,z) be the untwisted 
J -function of X with Q = 1. Then we have I{q,z) = J{T{q),z). 

The function P{q,z) can be obtained from I{q,z) = I^{q,z) by differentiation. Writing 
~ Sail "^iaPa, we define the (z-decorated) logarithmic vector field Di on M. by Di := 
z'^^gtfi fi^iaQaid / dqa) . Taking 5 G Kq such that v = {—6} and I6i~\ > for all i, we can easily 
see that (see also Lemma 4.7]) 

/m+s [5,1-1 \ 

(18) r (g, z) = q '[H n (A - 1(1, z)- 

\ i=l u=Q I 



In the terminology of Givental's Lagrangian cone [17, 16|, I^{q, —z) is in the tangent space to 
the cone at —zl{q, —z). Therefore, I"" appears as a column vector of the inverse fundamental 
solution. 

Corollary 4.4 ([^, Eqn (65)]). Let L(t,z) denote the fundamental .solution (^ of the un- 
twisted {s = 0) theory of X. There exists an H*^^{X) -valued function 6y{q,z) G ^orb('^) ^ 
Oj^[z] defined on a finite cover M. of Ai and in a neighborhood of such that 

I%q, z) = L{T{q),z)-H,{q, z), 0,{q, z) = 1, +0{q). 
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Also 0y{q,z) is homogeneous of degree 2age{v) and 9o{q,z) = 1. 

Proof. We differentiate I{q,z) = J{T{q),z) = L{T{q), z)^^ 1 by the differential operator ap- 
pearing in (|l8|). Here notice that zda o L{T{q), z)'^ = L{T{q), z)~^ o [zda + (c^a''")oT{ij)) for 
da = qa{d/dqa). □ 

4.3. Mirror Theorem II: Toric Complete Intersection. As before, let V be the sum of 

hne bundles £1 £2 © • • • © >C c over a toric orbifold X and y (Z X be a quasi-smooth complete 
intersection with respect to a regular section of V. Let l: y ^ X he the inclusion. Let be 
the class of Ci in Vic{X) = H'^{X;Z). We assume that 

• The classes ^1, ■ ■ ■ and ci{y) = ci{X) — Yli=i ^^f- 

• The line bundles Ci,...,Cn are pulled back from the coarse moduli space X, i.e. 

Let : Nk ^ M be the piecewise linear function corresponding to (see Section iA). By 
the second assumption, we have {fiiv)} = fv{^i) = for all 1 < i < c and v € Box. Define 
a lift G L* of by := YlY=i '^^^ does not depend on the choice of (pi. 

Then is extended nef (semi-positive on NE;f ) since (.fj, 6j) = 0. Set py := p — Yli=i ^i- This 
is also extended nef. 

Definition 4.5. Let us write I'"{q, z) = e^^"^?/^ ^^^^^ g'^+^Drf ^{-d}- -^o^ ^ ^ Box, we define 
an H*j.^{X)-valued function Iy{q,z) by 

/{;(g,z) = epi°s«/^ J]g'^+^n n te + Mundi{_4. 

dgK„ i=l k=l 

Note that Drfl^.^} = for d -|- t; ^ NE;t' and {ii,d + v) > otherwise. Also it is easy to 
see that {£,i,d + v) is an integer. Under the above assumption, I^{q,z) is convergent near 0. 
Apart from the prefactor e^^°S'?/^, it is homogeneous of degree 2age(f) with respect to the 
grading of H*^y^{X), degyq'^ := 2{py,d) and degz := 2. We set I\;{q,z) := Iy{q,z). We have 
the asymptotics: 

lUq,z) = eP'°^'^/'{l,+0{q)) 

(19) r(rj) 

I^{q,z)=F{q)l+^ + 0{z-') 

where F{q) is a power series of the form 1 + Cdff", € Q with integral exponents 

d € L n NE;t' and G{q) is an //^^(^)-valued map. The mirror map 

defines a single valued map from a neig hborhood of to Hf^{X-X)/H^{X;Z). 

Theorem 4.6. Let L^{t,z), J^{t,z) be the fundamental solution and the J -function of the 
{e,V)-twisted theory of X . For v G Box, there exists an H*^^[X) -valued function T^{q,z) G 
F[*j.^{X) (8) Oj^[z] defined on a finite cover Ai of M and in a neighborhood of such that 

(21) lUq,z)=L-{?iq),z)-^f,iq,z), T^g, z) = 1, +0(<?). 
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Also Ty{q, z) is homogeneous of degree 2 age{v) for the grading degy{q'^) = 2{f)y, d). We find 
that To = F(q) 1 by comparing the asymptotics in z. Therefore, 

Iv{q,z) = F{q)r{^{q),z). 

Proof. When the mirror map T{q) for X is "linear", the last statement follows from the 
quantum Lefschetz theorem p6| , Corollary 5.1] applied to the previous theorem 4.3. First 
we see how to modify the proof of quantum Lefschetz in jl6] to calculate a convenient slice 
(/-function) of the twisted Lagrangian cone. Let denote the (c, V)-twisted Lagrangian 
cone [16, Section 3] of X. Define 

_ c fe,d> 

Uq,z) = eP'°^'i/' n exp(s(e, + M)ndl{-d}- 

1=1 k=l 



Here d G H2{X;Q) is the i/2('^; Q)-component of d € Lq under the decomposition ( pl^ ) and 
^(^) ~ Tlikx^^k^^ /kl. We claim that —z\s{(l-,—z) is on the cone .ifg. Here we regard Ig as 

a Agpog qi, . . . , log qr, g^+i' ■ ■ ■ ; point on Givental's loop space ?^ for e € N such 

that elfCo C L. (See the definition of % and .^fg as formal schemes in |jl^. Appendix B].) At 
s = 0, — ^;Io(^, —z) is on the untwisted cone J^q by Theorem [4.3| . Write = X^^ii ViaPa and 
define the logarithmic vector field := z X^aii ^iaQaid / dqa) ■ Then the same argument as the 
last paragraph of the proof of Theorem 4.8 in |lf:] shows that 

ts{q) =exp ^-^Go(-^i,2;)^ {-zIo{q,-z)) 

is on the untwisted cone ^q, where Gy{x, z) is a formal power series depending on s defined in 
|p!6| . Applying Tseng's symplectic operator A*™ (|5^; we use the convention in |jl6|, Theorem 
4.1]), we get an element A*""(fs(g)) on Jfg- Using the property of the function Gy{x,z) and 
|.(gPiog<7/2^d) ^ (^.^^^|.^^^)gPiog<7/2^d (seeEqns (12), (13) in |T6| and the discussion following 
them), we find that this equals —zls{q, —z). This proves the claim. Taking c = e;^, we obtain 
a vector I;^ on the (e;^, V)-twisted Lagrangian cone: 

lA(g,z) :=I.(g,z)|c=e. =e^'°^^/^ ^ q^Q^JlWi^ + ^^ + kz)Ual{^,y 

deKo i=l k=l 

By the discussion as in Section 5.2], we know that 1^ and J''^ are related as Ix{q,z) = 
F{q)J^^ {^{q; A), z) where F{q), ^{q; A) are determined by the z-asymptotics of Ia in the same 
way as (|l^) and (pO|). (Here F{q) = F{q)\Q=i, ^{q) = ^((7; 0)|q=i.) Now we differentiate Ia 
by the differential operator appearing in (|l8|) . We find 

i=l v=0 J d£K^ i=l k=l 

= {di + [(5i])™j[* is an element of Kg. Applying the infinite-rank differential 
operator ni=i Tlfctzf^C-^ + + kz)^"^ to the above element (here note that 5) G Z>o since 
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5 G NEx nKo), we obtain 

Iliq, z) := e^l°g^/^ ^ q^+"Q''+^ J] 11 + ^^ + . 

deKt, i=l k=l 

Here we expand (A + + kz)~^ as ~ kz)^. Because 

Ia = Fiq)r- {^{q; X),z)= L^^ {^{q; A), z)-'F{q) 1 

and is obtained from Ix by differentiation, = Ij^^{^{q; X),z)~^Xy for an if*j,j^(^)-valued 
function Yy{q,z]X) which is rcgiilctr at z — (see the proof of Corollciry |4.4| ) . Here 'IT^ is 
defined over the ring C[z]((A-i))[Eff;,][log gi, . . . , log . . . , . But I^, ^{q; X) 
do not contain negative powers of A, so it follows that T^, is also regular at A = 0. Now the 
conclusion follows by setting A = 0, Q = 1. □ 



Remark 4.7. Recall that was obtained from / by differentiation (see (|18|)). In the twisted 
case, in general, ly cannot be written in the form Jy = P^Iv for some differential operator 
Pv € Oj;^[z]{zdi, . . . , zdr+s)- This means that the twisted quantum D-module over H^^{X) 
may not be generated by the unit section 1 as an 0[z](2;5)-module, where d denotes the 
derivative in the H^^{X) direction. Differentiating Jy by the same differential operator as in 



(jT|), we obtain (cf. (|2|)) 

(23) n n - = eP'-^'^/^ n n + 

yi=i u=o J \i=i k=i 

This equals ly if = for all i. The equalities {(,i,6) = (Vi) can be achieved (for 

some 6) if there exists a cone a in S such that v a and v is in the monoid generated by 
{bi, . . . , bm+s} n a. On the other hand, if we invert the variable z, i.e. restrict the D-module 



to the complement of 2 = 0, we can see from (23) that the twisted quantum D-module is still 



generated by 1. Such a non-generation phenomenon first appeared in the work of Guest-Sakai 
I- 

We remark that one can calculate and T„ from the functions /y using the Birkhoff 



factorization in the theory of loop groups, as observed by Coates-Givental ||17|] and Guest 
p8[ . Using the fact that i7*(Af„) is generated by 1^ as a C[p]^, . . . , Pj,]-module, we can find 
differential operators P^^i^zd) € C[zdi, . . . , zdr], i = l,...,/t, (where da = qaid/dqa)) such 
that = Pj;^i{pi, . . . ,Pj.)1v, V G Box, i = form a basis of H^j-i^i^)- Then by the 

asymptotics (|l^) and the previous theorem, we have 

P,,i{zd)I^{q,z) = eP'"^'^/%(l),,i+0{q))=L^^{q),z)-^f,,i{q,z). 

Here T^^i{q,z) = Pv^i{zq*'V^)Ty{q, z) = (p^^i + 0{q) is an iJ*j.,^(^)-valued function regular at 
2 = 0. We consider the matrix formed by the column vectors P^(z9)/y and regard it as an 
element of the loop group with loop parameter z. Then the above equation shows that {L^)~^ 



and (T^ j)^ j are obtained from it by the Birkhoff factorization |51|. Here we use the fact that 
= id +0(2;"-'^) and T^^i(g, 2) is regular at 2; = 0. This also gives a proof that T^(g, 2) and 
L'^{(^{q), 2) are analytic near q = 0. 



Using Proposition 2.4, we get the following corollary of Theorem 4.6 
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Corollary 4.8. Let Ly{T,z), Jy{T,z) denote the fundamental solution and the J-function 
of the untwisted theory of y. Set T^{q,z) = L*Ty{q,z) and <^{q) = t*^{q). Then we have 
t*Iv{<l,z) = Ly{q{q),zy^T^{q,z) andi*Iv{q,z) = F{q)Jy{q{q), z). 



5. Equality of Periods: A-periods = B-periods 

In this section we show that the A-periods of X equal ordinary periods (or oscillatory 
integral) of the mirror. The key point — the hypersurface J-function is a Laplace transform 
of the ambient one and the same for mirror oscillatory integrals — had been observed in 



Givental's paper |25| on toric mirror theorem and in the Coates-Givental proof of quantum 
Lefschetz. 



5.1. Laplace Transform of A-Periods. Let X he a toric orbifold in Section 4.1 and y 



be a complete intersection in X with respect to V = /3i © • • • £c in Section 4.3. Here 



we show that the Laplace transforms of the A-periods of X give precisely those of y. We 



choose a lift € L* of for 1 < j < c as in Section 4.3. Then defines a one-parameter 
subgroup 9 r I-)- r^* of = L* (g) C^. In co-ordinates, r^^ = (r^Ji, . . . ,r''j.''+«) when we 
set = Yy'aXi'^jaPa- By the formula ( p^ ) and Corollary iA, the A-period n(0„,f) of X is 
given by 



orb 



(24) U{e,,£){T{q),z) = [r{q,-z), z^'"-^ z^^{£)) 

Here 6^ is the section^ of the quantum D-module QDM{X) of X in Corollary iA. Define the 
(partial) Laplace transform n((^, £) by 

poc poo . _ , 

U{<P,£){q,s,z) = il[s,) ... Ii{<i^,£){T{Y{]^^{zr,f^ ■q),z)e-^U^^'^dn---dr,. 

where s = (si, . . . , Sc) € (M>o)'^. Note that n(i;^, f )(r(g), z), n((/), £^)(g, s, z) are multi-valued. 
We can regard them as a single- valued function in (log gi , . . . , log qr+s , log z) . 

Proposition 5.1. For £ € K{X) and v € Box, we have 

fLie,,£){q,s,z) = {qi,-z) , z^-"? zPy^v{£)) 

\ / orb 

where we set ^v('?) := e^i^i(^)f (V^) U ^(^), py := ci{y) =p- Y.)=i^i and 

c c 
q's = n('^''^'^7^)^' ■ ^-^^ ^°S9s,a = log^a + ~ logSj)Vja, logSj > 0. 

J=l i=i 
Note that the right-hand side also gives the analytic continuation ofIl{9y,£) in s. 



'^More precisely, 6^ is a section of t*QDM{X). The A-period n(S„, £) should be understood as the pairing 
of 9v{q, ~z) and {T*a(£)){q,z) in the pulled-back quantum D-module. 
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Proof. First we calculate the Laplace transform of I'"{q,—z). Writing I'"{q,—z) 
g-plog,/. gd+v^^ have 



poo 








Jo 





^7 



deKy,d+veKEx ■?'=^ 
Using r(l + x) = xr{x) and (^j, (i + v) E Z>o, we find that this is (si • • • Sc)~^ times 

c 

n e(-^-'°s^)«^/^r (1 - e,/.) • I'v (n ■=i(e^Vs.)«"^" • 9, - 
The conclusion now easily follows from this and (l2^). □ 



Remark 5.2. The integral in rj yielding the factor Tj = r(l + {S^j,d + v) —S^j/z) in the above 
calculation should be understood as a vector-valued integration. The exchange of sum and 
integral is justified by the estimates \\Od\\ < CiC2''^ /{p,d)\ and IPd 11^=1 ^^j II — ^iC)^^ / {py,d)\ 
for some Ci,C2 > 0. Here \d\ = Yla=i{Pa,d) and || • || is the operator norm with respect to 
some norm on H*^^{X). Note that we need the fact that p, py are extended nef. 

Remark 5.3. We can view the map \I'v('£-) as defining a dualQ integral structure of the Euler 
twisted theory. 



Using the mirror theorem (Corollary |4.8| ) we obtain the following corollary. 

Corollary 5.4. For an algebraic vector bundle 8 on y , we have 

(2^i)^n3;(T,, £) (? {q',) , z) = n(0„, i,£){q, s, z), 

where n3;(T„,f) denotes the A-period ([T^ ) for y and is the section of the quantum D- 
module of y appearing in Corollary U.<3 and (pTf) . 



Proof. By Toen's Grothendieck-Riemann-Roch [54] we have 

- ( 



(25) ch(i,^) = ^* I n ■ ch(f ) I . 



Using this, i*Tx = Ty U i*T{V) and r(l - 2;)r(l + x) = vrx/ sin(7rx), we find 

Here ^y denotes the map (|l^ for y. The conclusion follows from the previous proposition 
and Corollary K^. □ 



-'^'^Because the Euler twisted theory has a degenerate pairing, we have to distinguish the F-integral structure 
from its dual: the integral structure itself should be given by = r(V)^^5'(f ). 
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5.2. Mirror Construction. In toric geometry, various mirror constructions liave been found 



by Batyrev Q, Batyrev-Borisov |5|, Givental and Hori-Vafa |32]. Following Givental 
and Hori-Vafa, we shall construct mirrors for nef complete intersections in toric orbifolds as 
Landau-Ginzburg models. 



Let X he a toric orbifold in Section 4.1. A nef partition is a partition {l,...,m} = 
Iq U Ji U • • • U /c such that := X^jg/, Di is nef for all < j < c and that ^i, . . . are 
pulled back from the coarse moduli space X, i.e. they are Cartier divisors on X. This is a 



special case of the situation in Section 4.3. In the case of the original nef partition due to 
Batyrev-Borisov Iq is assumed to be empty. We need not to assume that is Cartier 
on X. As before, we assume the existence of a quasi-smooth complete intersection y d X 
with respect to V = £i © ■■■ ® >Cc where Ci is the line bundle in the class £ Pic{X). Let 
ipj : N]R ^ M be the piecewise linear function defined by fj{bi) = 1 for i G Ij and (fjih) = 
for i £ {1, . . . , m} \ Ij. By the assumption '^j{hi) is or 1 for all 1 < i < m -|- s and j > 1. 
We set Ij:={l<i<m + s\ fj{bi) = 1} for j > 1. The sets Ii, . . . ,Ic are mutually disjoint. 
Set Jo :={!,..., m + s}\U-=i/j. 

Consider the torus T := Hom(N,C^) = M^^C^. Let t denote a point on T. Each element 
6 € N defines a function t^: T — )■ C^. Take a = (ai, . . . ,am+s) in and define the 



Laurent polynomials Wa (t),. ■ ■ ,Wa{t) on T as Wa (t) = J2i(zj o.it^^- A mirror of y is 



given by the complete intersection in T 

Ya = {t€f\ Wi'\t) = ■■■ = Wi'\t) = 1} 

endowed with a holomorphic function Wa^ : ^ C. The pair iYa,wi^^) is called the 
Landau-Ginzburg model. We assume that is a non-empty smooth complete intersection 
for generic a. The translation of the torus T induces the T-action on the parameter space: 
a^t-a:= {t'^^ai, t^'^+'^Om+s)- Then {Ya, wi°^) = (Yt-a, wj;^^). Therefore the parameter 



space of the mirror family descends to A4 (in Section [4. 21 ) via the exact sequence (the divisor 
sequence tensored with C ^ ) : 

1 > t = M(g)2;C^ > (C^)™+'' > A4=L*(g)2;C^ > 1. 



In [37 1 we considered the mirror of a toric orbifold X itself. In this case Iq = {1, . . . , m} and 

m 
J = 



the mirror is the family of functions Y^T^i ctjt^^ ■ T 



Remark 5.5. Batyrev and Borisov Q dealt with the case where Iq is empty. In this case 
y is Calabi-Yau. They considered a Calabi-Yau compactification of Y^ in a toric variety Py- 
Here Py is a crepant partial resolution of the toric variety Py associated with the polytope 
V = Vi + ■ ■ ■ + Vc C Nr, where Vj is the convex hull of {bj \ j G /j} U {0}. It would be 
interesting to find a partial compactification of (1^, wl'^'') with good topological properties. 

Remark 5.6. We hope that the existence of a quasi-smooth complete intersection y and 
that of a smooth complete intersection Y^ are related. In the Batyrev-Borisov construction 
1^, it was shown that a general complete intersection 3^ is quasi-smooth if and only if the 
compactification of a general Ya is quasi-smooth. 
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5.3. A-Periods and B-Periods. Take -co-ordinates on T associated with a 

basis of N. Define a holomorphic volume form Oq, on Ya by 



tl tn 

dW^^^ A • • • A dwi"'^ ' 



We shall consider the following oscillatory integral (B-periods): 
(26) / 0(t)e-^«''W/^O« 

Jr{a) 

for a Laurent polynomial (p: T ^ C and a possibly noncompact cycle r(Q) C Ya such that 
^(Wi°\t)/z) ^ oo in the end of T{a). More generally, for k = {ki, . . . ,kc) G (Z>o)'^, we 
introduce the residue symbol 

0(t)e-^'^°^W/^^|i A--- Aff 



Osc{4>,k]a) = []Yj=iz''^kj\ \ Resy^ 



and define the "oscillatory" residue integral 



(27) / Osc{<P,k-a) = ^^'-^][j' [ 

Jr(a) {Itti}'' Jj 



Here T{T{a)) C T is a cycle given as follows: Take a small tubular neighbourhood of in 
t. Then N \ Uj=i(W^Q^ V^l) has a deformation retraction to an (5'i)'=-bundle T Ya- We 
take T(r(a)) to be the total space of rjr{o). Note that (l27|) equals (|^) when k = 0. 

In this section we consider the integral over the real locus. Set|^ Tr := Hom(N,R>o) = 
{{tl, . . . ,tn)\ti > (Vi)}. When a € (M>o)™'^*, we can define the real cycle r]R(a) in Ya by 
r^(a) := Ya nfu- Similarly we define Mm := Hom(L,M>o) C M. For a G (R>o)'"+', we 
have the estimate^: 

c m+s 
E ^a\t) = E "^^'^ ^ ^(") l*'^"^' *«"'^'^} ^ 

j=o i=i 

for some e(a) > and TV G N. Restricting this to T^ia) = Tr n Ya, we get wi^\t) + 
c > e(a) maxi<j<„{t|^^, ^^^}. Consider the integrals (p6[), ( |27| ) with 3?(z) > 0, r(a) = 
rR(a) and a G (M>o)™''*''^. Take as a compactification of T. Then the convergence of the 
integral (^) is ensured by the exponential factor e~^°' because (p{t)Qa grows at most 
polynomially near the infinity \ T. By taking T(r]R(Q;)) to be a semi-algebraic cycle (as in 
[]50| , Appendix]) which is sufficiently close to rR(a), we have the convergence of ( p7| ) similarly. 

For V G Box, we set := njGo-Ofj^ when v = J2je<j'^j^j some cone a and cj G [0, 1). 
The following is the first main theorem of this paper. 



-'^^Note that this does not depend on the choice of co-ordinates ti on T. 

^^Use the fact that is in the interior of A and the inequality j3ixi + ■ ■ ■ + PkXk > xf^ ■ ■ ■ x^'' for Xi > 0, 

ft > 0, E tl ft = 1- 
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Theorem 5.7. Let y be a toric complete intersection in Section \5. 4 The A-periods ( |T4|) of 
the structure sheaf Oy equal the oscillatory residue integrals overT^(a). 



Uy{T,,OyMq),z)= / Osc(a^r, ^(t;); a). 

Here (p{v) = {lpi{v), . . . ,ipc{v)), v G Box, a e (M>o)'""'"'*, q = [a] e Mr, z > and the 
functions (;{q) , T„(g) are as in Corollary (see also (|20|), (^) In particular, the quantum 
cohomology central charge Zy{Oy) = {2T:i.)~ ^^^^'\ly{l,Oy) is given by 

Moreover, the A-period Yiy{Ty,i*8) for 8 € K{X) is in the Z-span of the monodromy trans- 
forms ofIiy{T^, Oy) with respect to the monodromy around g = 0. 

Remark 5.8. The A-periods Yly{T^,i*S) should be written as an oscillatory integral over 
an integral cycle which is monodromy- generated by Fk, but we do not know its explicit 
representative. 



Remark 5.9. By Corollary |4.8| , the A-period n3;(T„,£') for 8 G K{y) can be expressed in 
terms of the explicit hypergeometric function /y: 

Iiy{T,,8){,{q),z) = (i*r^{q,-z),z'^^^y-^zPy^!y{8)) 

\ / orb 

Hence theorem |5.7| gives equalities of oscillatory integrals and hypergeometric series. 



Proof of Theorem 5.1. The case y = X was proved in [37, Theorem 4.14]. In this case we 
have the following: 



where q = [a] & Mr, a E (M>o)™+^ By ^ and (Ij, we know that Il{e^,Ox) can be 
obtained from 11(1, by differentiation. Using the fact that the vector field Di there is 
lifted to zai{d / da-i) on the a-space, we calculate 

By the assumption that is smooth for generic a, we can see that the map 

:= {W!^\. . . , VFW) : Tk ^ (M>o)'= 

is generically submersive for generic a £ (R>o)'"'^''. Hence the above oscillatory integral can 
be rewritten as 



U{e,,0;,){T{q),z 



) = / f\duje-^U-^/'P,ia,u), 



where P^(a,n) := / a^re-^- ^/" 

Jfun{Wo,{t)=u} dW^ ' A • • • A dWi''' 

Here we set Pt,(a, u) = if u is not in the image of Wa- We take the partial Laplace transform 
of the both-hand sides. Under the divisor map D: Z™'^* L*, can be lifted to the sum 
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e,; e 



ym+s 



Therefore the c-dimensional flow q Y\'^^i{zrjp^ ■ q on A4 can be lifted to 



the flow on the a-space scaling Wa^ by zrj for 1 < j < c and leaving W^' invariant. Hence 



(0) 



Il{9y,Ox){q,s,z) with s G 



equals 



n 



Skdvk 



n6(IR>o)'= 



Wduje-^''^+'^>^{zrj)^^^''^ I P^(a,n) 



We can change the order of the integration by Fubini since the integrand can be viewed as 
a non-negative measure. Because Il{9^,Ox) is well-defined by Proposition 5.1, the integral 
in the right-hand side also converges for Sj > 0. If sj € C \ M<o, there exists a constant 
C{sj) > such that 



< 



^^^4t^ — TT for all Uj > 0. 



Therefore the above integral can be analytically continued in s and makes sense for Sj G 
C \ M<o- The jump of the values across the branch cut M<o can be calculated by the Cauchy 
integral formula. For a function f{sj) on C \ M<o we set (Aj f){—Sj) := lime^+o(/(— Sj — 
ie) — f{—Sj + ie)) for sj > 0. Then we have 



A,U{e,,Ox)) iq,-si, . . . ,-Sc,z) = l[i-2TTisj)l[(z—] P,{a, 

j=i j=i V ■^j / 



s . 



On the other hand, we can calculate the left-hand side using Proposition 5.1 when q is suffi- 
ciently close to and sj > 1. It is 



= {-lfIi{e,,i,Oy){q,e^^s,z) 
= (-2vri)^nj;(T,, Oy) (n.^^i ^7^^ • q) , 
We arrive at the formula in the theorem by differentiating 

QgV^Vg-Wa\t)/z dtl ^ , , , ^ dtn 



orb 



by (Pq) and Proposition 5.1 
by Corollary |5.4|. 



Pv{a,s) 



ti 



T{f^n{W^{t)=s}) {Wi^\t) - si) • • • (lyA'^(t) - Sc) 

in si, . . . ,Sc and setting si = ■ ■ ■ = Sc = 1- The last statement follows from the fact that 
K{X) is generated by line bundles |l^ and the monodromy formula 

Uyi^, £Me^^^^ ■ q), z) = ny(0, ® £Mq),z) 

where £ G K{y), ^ € L* and G Pic(^) is its image. (It follows from Definition (ii) and 

^(e2-i«.g) = G(i*e)~'?(g)-) □ 
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6. ToRic Calabi-Yau Hypersurfaces 
In this section we restrict our attention to a Calabi-Yau hypersurface 3^ in a Gorenstein 



weak Fano toric orbifold X. Based on the period calculation in Theorem 5.7, we study mirror 
symmetry of y as an isomorphism of variations of Hodge structure and compare the integral 
structures on the both sides. We set n := dime X as before. 

6.1. Batyrev Mirror. Batyrev [Q] constructed mirror pairs of Calabi-Yau hypersurfaces 
based on the duality of reflexive polytopes. This is the case where the ambient toric orb- 
ifold X is Gorenstein (i.e. Kx is pulled back from the coarse moduli space) and we take the 



nef partition Iq = 0, Ii = {1, . . . , m} in Section 5^. We refer the reader to |20, Section 4] 
for details. The fan polytope A is said to be reflexive if the integral distance between and all 
hyperplanes generated by codimension one faces equal 1. If A is reflexive, the dual polytope 
A* = {y € Mr I {x,y) > —1 (Vx € A)} have integral points as its vertices and (A*)* = A. 
A weak Fano toric orbifold is Gorenstein if and only if its fan polytope is reflexive. A gen- 
eral anticanonical section y in a weak Fano Gorenstein toric orbifold ^ is a quasi-smooth 
Calabi-Yau orbifold. As in Section the (uncompactified) mirror of 3^ is given as a 
hypersurface in the torus T: 

m+s 

y„ = 1^,-^1) C t. Wait) ■■= wi'\t) = a.t'-. 

i=l 

Take co-ordinates (ti, . . . , t„) on T as before. Introduce another variable to £iiid define the 
subring Sa oi C[tQ,tf , . . . ,t^] by 

k>o feefcAnN 

It is graded by the degree of to- The toric variety Pa := Proj 5a is a compactification of 
T. The variety Pa is associated with the normal fan of A and its fan polytope is A*. The 
closure Ya of in Pa is an anticanonical section of Pa. We say that Ya is A-regular if the 
intersection of Y^ and every torus orbit O in Pa is a smooth subvariety of codimension 1 in 
O. The set of parameters a for which Y^ is A-regular is a non-empty Zariski open subset 
(C^)™^* of (C^)™"^*. This is invariant under the action of T and descends to a Zariski open 
subset A4reg in A4. Let Ya be A-regular. A resolution of Ya by a Calabi-Yau orbifold is 
constructed as follows. Choose a projective crepant resolution X Pa by a toric orbifold X. 
This amounts to choosing a triangulation of the fan polytope A*. The fan polytope of X is 
still A*. Then the pull-back yaCX ofY Q is a quasi-smooth Calabi-Yau hypersurface which 
gives a crepant resolution of Ya- 

Remark 6.1. Batyrev |^ showed that one can choose X with only terminal singularities 
(MPCP desingularization) . In this case becomes also terminal. In particular, we can take 
ya to be smooth in dimension 3 because terminal Gorenstein orbifolds in dimension 3 are 
all smooth. From a viewpoint of orbifold mirror symmetry, we do not need to restrict our 
attention to terminal partial resolutions. 
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6.2. A-Model VHS of a Calabi-Yau Hypersurface. By the Gorenstein condition, the 
orbifold cohomology of 3^ is graded by even integers^. Since y is Calabi-Yau, the quantum 
D-module QDM{y) of y in Definition 3J restricted to H^j.)^{y) and z = 1 reduces to a 
variation of Hodge structure (VHS) in the classical sense (cf. Remark 3.3). See ||2^, Section 
8.5]. We furthermore restrict our attention to the "ambient part". Set 

//:„b(3^) := Im(.* : H^^^iX) ^ HU{y)). 



By Corollary |2.5| , H*^^{y) is closed under quantum product. For the convergence domain 
U C ^*rb(^) in Section we set U' = H^^^{y) n U. Take a C-basis . . . , r/^ in H^^^{y). 
Let T^, . . . , be the corresponding co-ordinates on H'^y^hiy) ^^'^ ~ l^i=i ^le a general 
point on H^^^{y). 

Definition 6.2. The ambient A-model VHS of 3^ is the tuple (J^a, V^, Qa) consisting of 
the locally free sheaf JifA = H*^^{y) (g) Ojj' over U', the flat Dubrovin connection : J^a 

t 

V^ = (i+^(7?.0,)dT\ 
i=l 

the decreasing Hodge filtration .^l = H^2o~^~^'\y) ® ^U' on J^a and the V^-flat (-1)""^- 
symmetric pairing Qa : -^A Of/' 

QA{a,f3) = (27ri)"-i((-l)^a,/3)orb. 

The Ga/ois action of i*F2(A';Z) on the A-model VHS is defined similarly to (0), (0). 

The A-model VHS satisfies Griffiths transversality and the Riemann bilinear relation: 

(28) v^^x c ^r' ® ^c/M qa{^i ^r") = 0. 

By a result of Mavlyutov Theorem 5.1], we have the decomposition H*j.^{y) = H*^y^{y) 
Ker(z.*). Since the two summands are orthogonal to each other with respect to the orbifold 
Poincare pairing, we know that the polarization form Qa is non-degenerate on the ambient 
part J^A- 

The F-integral structure in Definition induces an integral structure on the above A- 
model VHS. Let Ly{T) := Ly{T,z = 1) denote the fundamental solution of the quantum 
differential equation (with Q = 1) of 3^. By Proposition 2A, we know that Ly{T) with 
T & U' maps a class in H*^^{y) to a flat section of JifA- Therefore, if £" G K{y) satisfies 
ch(£^) € -f^amb(-^)' have a flat section 5{£){t) = 5{S){t,z = 1) of J^a in the same way as 
(0): 

s(^)(t) = i2Tri)-^''-^^Ly{T)^y{S), ^y{£) =fyU (27ri)^ inv* ch(^). 

Definition 6.3. Set Ha := Ker C ,^a- Define the local subsystem H^^ of Ha as 

H%^i:={BiL*£)\£eK{X)}. 

It is a Z-lattice of Ha and preserved under the Galois action by l*H'^{X\ Z). For s(£'i),s(£'2) G 
-^A?' ^^^^ 

Qa(s(£'i),s(£'2)) = xy{£i,£2)- 



Recall that we ignore odd cohomology classes on the A-side. 
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We call H'^^ the ambient T-integral structure on the ambient A-model VHS of y. 

Remark 6.4. The above integral structure also induces rational and real structures Ha^q, 
i/A,M on the A-model VHS. With respect to the real involution k defined by -ffA,iR, we hope 
to have the Hodge decomposition and the Riemann bilinear inequality: 

(29) J^A = K® ^-^T")^ i^"^(3A(0, > 



for (/) G ^'"^ = =^A ^ i^i-^l) \ {0}' q = n-l-p. From a result in ||], it follows that these 
properties hold in a neighbourhood of the large radius limit|^ In fact, by mirror symmetry, 
we will see that these properties hold globally. 

6.3. B-Model VHS. As we saw in Section the parameter space of the mirror (or its 
compactification JDq) descends to = L* (g) . We are interested in the VHS associated 
with the family of A-regular Calabi-Yau hyper surf aces: 

pr2 : 2) ""^^f {{t,a)GXx {C^,^' | t e /f ^ M^e^- 

In this paper, we restrict our attention to the VHS on the untwisted middle cohomology 
H^^^{ya)- Furthermore, we only consider classes obtained as residues. Let Res: H^{X \ 
ya) — ^ H^^^{ya) be the Poincare residue map: 



/" Res(w) = / uj, w G -H'"(i'\3>ay, 
J7 ^vri 



where ^(7) C A" \ is a tube of an (n — l)-cycle 7 C (as appeared in (|27D). Define the 
residue part of H^~^{ya) by 

Ke^Hya) := Im(Res: /7°(i', J]^(*3^«)) ^ //"'^(3^„)). 

Here H^{X ,Q,^{*ya)) is the space of algebraic n-forms with arbitrary poles along ya- Let 
Di, . . . , D]\f be the toric divisors of X. We claim that we have the orthogonal decomposition 
with respect to the intersection pairing: 

(30) H^^Hy^) = Hi^-Hya) e h.H^-\ya n A)^ 

where fi-DiCiya^ is the inclusion. To see this, we use the Gysin exact sequence (see 
® Eqn (7)]): 

Here W,{H'"-~'^ {%)) denotes the weight filtration of Deligne's mixed Hodge structure. In 
the proof of p6| . Theorem 4.4], it is shown that the composition H^{X ,Q^{*ya)) 

H'^-Hya) ^ Wn-iiH^'-^Y^)) is surjective. Hence H%-\yo,) and E«=i /»^"~^(3>a n A) 
generate //""^(j^^). On the other hand, i/^~^(j)a) and fi*H^~^{ya n A) are orthogonal to 
each other because Res(ti;) for a holomorphic n-form cj on ^ \ vanishes on H A- This 
proves the claim. The decomposition ( pO[ ) gives a topological characterization of H^~^{ya)- It 
consists of degree n — 1 classes on y^ which vanish on the toric boundaries 3^'an A- Therefore 



"'^^We showed the Riemann bihnear inequahty for the {p, p) part (or algebraic part) of quantum cohomology 
VHS in |3q]. Note that the ambient part H*^y^{y) is contained in the {p,p) part. 
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the subspace H^~^{ya) is defined over Q and is preserved by the Gauss-Manin connection. 
We can also see that each class a S H^~^{y) is primitive, i.e. a U i7 = for an ample 



hyperplane class H. By (30) and (|3lD , we have the identification 

Since Wn-i{H^"^ (Ya)) is the lowest weight component, this identification induces a Q-Hodge 
structure of weight n — 1 on H^~^{ya). 

Definition 6.5. The residual B-model VHS of the family pr2 : 2) — )• A^rcg is a tuple 
(^B, V^,-H'b,q,^B'Qb) where J^b is the locally free subsheaf of {R'^-'^pT2^C^) ® Om^.^ 
over M-reg whose fiber at [a] is the residue part H^~^{ya,), is the Gauss-Manin connec- 
tion, -ffB.Q C Ker is the rational structure explained above, = ©j>p-ffres ''(3^a) 
is the standard Hodge filtration and Q-q is the intersection form: 

QB(a;i,a;2) = (-i)("-i)(«-2)/2 [ ujiUu;^. 



The residual B-model VHS satisfies the usual properties of a variation of polarized Hodge 
structure as given in (^) and (^9]). 

Consider the relative homology group //*(¥, Y^). The Morse-theoretic argument in 
Section 3.3.1] (see also ||22|) shows that 

'O k^n 

^Vol(A) 



(32) i/fc(t,y„;Z) ^ Hk{f,{^{Wo,{t)) » 0};Z) 



where Vol(A) is the normalized volume of A such that the volume of the standard n-simplex 
is 1. The group //„(¥, {5R(Wa(t)) ^ 0}) is generated by Lefschetz thimbles emanating from 
critical points of Wa{t)] Vol(A) is the number of critical points of Wa{t) (with multiplicities). 
By the relative homology exact sequence, we have 

> Hnif) > Hn{f,%) Hn-l{Y^) > ^n-l(t) > 0. 

The image of Hn{T, Y^, Z) under d consists of the vanishing cycles of Wait). 
Lemma 6.6. The image of the composition 

is H^~^ (ya) ■ Here PD is the Poincare duality isomorphism (defined over Q). We denote by 
VC: Hn{T,Ya) — > H^cs^O^a) the resulting surjection. 

Proof. It is clear that an image of the above map vanishes on the toric boundaries n 
Thus the image is contained in H^~^{ya). The dual of this map is given by 

(33) K-\y^y ^ H^e^\y^) ^ Wn^iH^-\Yo,) H^-\%) A H^{f, %) 

where the first isomorphism is via the intersection pairing. The map 5 is dual to d and its 
kernel is H'^~^{T). Because the intersection of /7"'~^(T) and W'^~^H^~^{Ya) is zero for the 
weight reason, the above dual map is injective. □ 
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Definition 6.7. The vanishing cycle integral structure C -f^B.Q on the residual B- 

model VHS is defined to be the image of Hn{T,Ya;7j) under the vanishing cycle map 
VC: Hn{f,Y^)^HZ-\y^). 

Remark 6.8. The mixed Hodge structure of afhne hypersurfaces in the algebraic tori was 
studied by Danilov-Khovanskii [E^] and Batyrev 0. The Hodge structure of toric hypersur- 



faces has been studied by Batyrev-Cox |^ and Mavlyutov [46, 47]. 



6.4. Mirror Isomorphism with Integral Structures. In this section, as we did in Section 
[4.1| , we assume that N is generated by AnN as a Z- module. Also we choose non-zero vectors 
{bm+i, ■ ■ ■ , bm+s} C A n N \ . . . , bm} such that bi, . . . , bm+s generate N over Z. Because 
A is reflexive, every bi has to be on the boundary of A. Then the lift ^\ of — ]D\ ~1~ • • • ~1~ -C^m 



defined in Section O equals Yl^i^ so py = p — = 0. Thus the degrees of the 

variables qi, - ■ ■ ,qr+s are zero. By the homogeneity of the /-function the mirror map 
= L*^{q) for y (see (||)) takes values in i/amb(^)- 



We briefly review the mirror isomorphism of D-modules for a toric orbifold X in |37|. 
We can associate the B-model D-module (T^^'^^ V, (•, •)^{o) ) to the Landau-Ginzburg mirror 
{T,Wa{t)) of X. It is a meromorphic flat connection over A4° x C with poles along z = 
such that the underlying Z-local system at ([q:],z) G A4° x is given by the lattice 
H"-{f,{^{Wa(t)/z) < 0};Z). Here M° is a Zariski open subset of M containing M^eg- 
The oscillatory form </)(t)e'^"*-*-*/^^ A ••• A appearing in Section 5.3 gives a section of 
the B-model D-module T^^'^^. We have the mirror isomorphism^ ||3^, Proposition 4.8] in a 
neighbourhood of g = 

Mirx: (r x idnQDM{X)/H\X;Z)) ^ (7^(o^ V, (•, Ot^w) 

sending the unit section 1 to [e^"(*)/^^ A • • • A y^]. Here r is the mirror map in ( [l^ and 
i/^(A';Z) acts by Galois action. This induces an inclusion of Z-lattices: 

Mir|: KiX) ^ Hn{f , {^{Wa{t) / z) > 0};Z) 

such that for Ts = Mir^{£), 

((/.((?, -z),s(£:)(r(g),z))^= / Mir;,(<^((?, -z)) 



for any section 4>{q,z) of (r x \di)*QDM{X). (It is known by Hua that K{X) is a free 
Z-module and thus K{X) ^ S{X).) For z > and a G (R>o)"'+^ Mir| sends the structure 
sheaf Ox to the real Lefschetz thimble Tk. By |37, Theorem 4.11], the map Mir^ gives an 
isomorphism of lattices under the assumption 

K{X) Hom(K(A'),Z), £ ^ x{-,S), is surjective. 



-'^''Because we changed our convention of QDM{X) from (see Remark 3.2), we also need to modify the 
definition of the B-model _D-module accordingly. The necessary modification makes the B-model D-module 
more natural. We defined the integration pairing of a section [(j!)(i)e^^''''^^ • • • ^^] of T?.'"' and a Lefschetz 
thimble with the additional factor of {—2'kz)~^^^'^ in js^ Eqn. (53)]. Then the integral structure, the flat 
connection and the pairing on 7?.'''' were introduced through this integration pairing. We just need to remove 
the factor {—2-kz)~'^^'^ there to redefine these ingredients. 
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This holds true in our case because X does not have generic stabilizers and we can apply 
the result of Kawamata that the derived category D^{X) of coherent sheaves has a full 
exceptional collection {S}^^. (In this case, {Si}^^ forms a Z-basis of K{X) and the Gram 
matrix xi^i^^j) is an upper-triangular matrix with diagonal entries all equal to one.) There- 
fore Mir^ is an isomorphism, li q = [a\ is sufficiently close to 0, all the critical values of 
Wa{t) are contained in the ball {u G C | l^l < 1/2}. Then we have the canonical identification 
for z > 0: 

(34) Hn{f,{^{Wc.{t)/z) »0};Z) ^i?„(f,{K(VF„(t)) > 1}; Z) ^ F„(f , y„; Z). 
The following is the second main theorem of the paper. 

Theorem 6.9. Let (3^, 3^a) he a Batyrev's mirror pair of Calabi-Yau hyper surf aces. The 
ambient A-model VHS of y and the residual B-model VHS of are isomorphic: 

Miry: {{M'A,V^,^l,QA)/i*H\X-'L)) ^ (Jf'B, V^, Qb) 

in a neighbourhood of q = 0. We have the following correspondence under Miry; 

(^v^vdti ^ , , , /.^ du \ 
(Wait) - l)agc(»^)+l / 



where v € Box, q = [a] and Ty{q,l) is the section of in Corollary (see (|2l|) ). In 

particular, F{q) 1 corresponds to the holomorphic volume form r^Q, = ^ A ■ ■ ■ A ^^/dWa on 
ya- The mirror isomorphism Miry induces an isomorphism 

of Z-local systems. Moreover, when z > and q = [a] is sufficiently close to 0, we have the 
commutative diagram: 

Mir^ 

K{X) ^ i7„(T,{5?(M^^(t)/z) >0};Z) 



(35) 



€n-lVC 



, Mir?; 
-H A -7 > riT- 



'A,Z -'-'B,Z 
where e„ = (— 1)"'("~^)/^. Here we used the identification ( p^ ) to define the right vertical 



arrow VC (see Lemma 6.6). The left vertical arrow l* sends £ to 5{L*£){';(q)) for £ G K{X). 
Proof Consider the map M: SX ^ //"(t, Jl^(*y„)) [|] defined by 

Let l'^^ be the ideal of 5a spanned by the monomials t^t^ such that b is in the interior of kA. 
Batyrev showed [|, Theorem 8.1, 8.2] that M{t^t^) with t^tQ £ /£\ k <p generate the Hodge 
filter F"+^-PVF„+i(F"(t \ y„)). Because the Poincare residue map i7"(t \ Y^) H'^~^{Ya) 
is a surjective morphism of mixed Hodge structures of the Hodge type (—1,-1) |Q, Section 5], 
we know that Res(^(t''tg)), t% G I^l\ k <p generate F"-PTy„_i(F"(y„)). (One can also 
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see that ^(i^tg) for t'^tg € extends to a holomorphic n-form on ^ \ j)^. See the proof of 
1^, Theorem 4.4].) 

By the homogeneity of T^{q,z), we have {-lf''^/^T^{q,l) = (-l)^s°(^)T(g, -1). Using 
this and Theorem we have 

= QB(Res(^(a^rt;;^'('')+')), e„_i VC(tM)) 

for V G Box and q sufficiently close to 0. Here VC(Tk) = 1^ n Tk is what we denote 
by riR(a) before. We consider the monodromy transforms of the both-hand sides around 
q = 0. By the last statement in Theorem 5/7, <^*Qa{'^v,5{l*£)) is monodromy generated by 
?*(5yl(T„,s(t*C';f)). Moreover, Mir;f and the vertical arrows in the diagram (35) is equivariant 
with respect to the monodromy transformation around q = (which is the tensor product of 
line bundles on K{X); see Definition 3.6, (ii)). Therefore, we have for any £ € K{X) and q 
sufficiently close to 0, 

(36) ?*QA(T.|.=i,s(i*^)) = QB(Res(^(a'^n^^'('')+')),e„_i VC(r£)) 

where := Mir^(£^). The A-model VHS (^*JfA is generated by Ty\z=i, v € Box and their 



covariant derivatives near g = as an 0_A/(j.^g -module (see the discussion before Corollary 4. 
Likewise we claim that the B-model VHS is generated by Res(i^(a''t"to^''^''^+^)), v € Box 
and their derivatives. Take any element ^''^q € Take a cone u G S such that b £ a. 

Then we can write b = X^jg^. hh + v for some v € Box Cicr and G Z>o. The piecewise linear 
function ipi defined in Section 5.2 satisfies <fi{bj) = 1 for all 1 < j < m -|- s. So we have 
:,^Ji + 8.ge{v). Since e 



= SiPo- + ^g6(t;). Since t'^tg € I^P , we have v?i(6) + 1 < k. By a direct calculation, 



we find 

U^'^a/aJ' Res {^{t%<^<^^^')) = Res {^{tX^'^^'] 



Using the Euler vector field E = Yll^^ ai{d/dai), we find 

(V| + A: - 1) • • • (V| + Mb) + 1) Res (^(t't^^^')+')) = Res (^(t'^tg)) . 



Now the claim follows. By taking the derivatives of (|36D, we know that the full period 
matrices of ?*(J^,V^) and (J^BjV^) are the same. This shows that we have an isomor- 
phism Miry: ?*(j^a,V^) ^ (jrB,V^) sending T^{q,l) to Resi^irt^^''^''^^^)). Moreover, 
from the above calculation, it turns out that the generators Res(^(t''tQ)), I^Iq G k <p oi 
F"-PTV„_i(/7"(y„)) ^ ^^J] correspond via Mirj; to elements in (?*=^a"^)h = Hf^h'^\y)- 
Hence M\Ty{C D . The other inclusion Mir3;(?*^^~^) ^ ■^T^ can be eas- 

ily seen by taking a basis of given by the covariant derivatives of Ty\z=i. Therefore 

?*(jrA,VA,^X) = (^B,VB,^«). 

Next we show that (;*Qk = Qb under Miry. We know by (^) that the "dual" fiat sections 
Qx{-,5{i*£)) and Qb('5 ^n-i VC(r£-)) correspond to each other under Miry. Therefore it 
suffices to show that Q x{5{i* £i) , 5{i* £2)) and Q-Q(yC{T£^),\C{Tg^)) are equal for £i,£2 G 
K{X). We have 

QA{5{i*£i)A'^*^2)) = xy{'^*£i,i*£2) = x{£i,£2)-{-irx{£2,£i). 



32 



HIROSHI IRITANI 



Let e'^^Ts- denote the parallel translate of T^- G Hn(T , {^{Wa{t) / z) ^ 0}) along the path 
[0, 1] 9 6* e'^^^z. Then we have 

QB(vc(r^,),vc(r£,)) = e„_iVC(r£j • vc(r^,) 

Since Mivx preserves the pairingf^ we have 

and ?*Qa = Qb follows. Therefore, 5{i*£) corresponds to VC(r£-) under Mirj; when q is 



sufficiently close to 0. This shows the commutative diagram (35). □ 



The class [Opt] G K{y) of a skyscraper sheaf at a non-stacky point on y gives a flat section 
s(C'pt) of Usually [Opt] is not contained in i*K{X), but we can still find an integral cycle 
on JpQ, corresponding to it. 



Theorem 6.10. Under the mirror isomorphism Mhy in Theorem \6. i\ the flat section 5{Opt) 
corresponds to an integral compact (n — l)-cycle C{a) C 1^ i.e. 



(37) QA(0,s(Opt))= / M\Ty{4>) 

Jc{a) 

for any section (j) of <;*JfA. In particular, we have {Iniy^^^ F (q) = J^^^,-) ^a- 

Proof. It suffices to prove ( ^7| ) for = Tt,(g, I), w € Box. We first show that for sufficiently 
small a G (C^)'"+* and q = [a], 

n (T ( u (n V r 1 [ (-l)"g"("^age(t;)!a-r dti ^ dt^ 

(T.(., l),B(Opt)(,(,))) = -— j^^^^^ (^^(,) _ l)l+age(.) - ^ • • • ^ 17 

where {S^)"^ = {\ti\ = ••• = jt^j = 1}. By (^) and the formula of /y, we find that the 
left-hand side equals 

On the other hand, by expanding 1/(1 — Wait)) in geometric series, the right-hand side can 
be calculated as the residue at t = 0. This is possible under the assumption that |Wa(i)[ < 1 
for all t G (S^)" (this holds when ah Oj are sufficiently small). It is easy to see that the 
residue calculation gives the same answer as above. We now use the following argument by 
Przyjalkowski |]52| , Section 2.5]. For a fixed such a, we consider the family of compact tori 
{SlY = {\ti\ = ■■■ = \tn\ = e} for < e < 1. At e = 1, we have {S\Y r^% = %■ While e 
decreases from 1, this family of tori slices the hypersurface 1^. For sufficiently small e, (Sj)^ 
does not intersect Ya again. Let < 5 < 1 he such that (S^^)" fl = for e < 5. Then one 



"'^''We made a sign error in js^] in matching the pairings under mirror symmetry. In Appendix A. 3] we 
showed that the A-model and B-model pairings differ only by a constant. The constant is fixed by comparing 
Fr ■ Fc with xi^^x ,Opt) = 1, where Fr — Tr and Fc = (S^)". Taking the orientation into account, we find 
that Fr ■ Fc = instead of 1. So the B-model pairing should be multiplied by e„ = (_i)"("-i)/2 to 

have the complete match with the A-side. 
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can use {S})"" — (Sl)"" as a tube cycle of the slice C{a) := (J5<e<i ^ i'^})"'- We can see that 
the integral over (S*^)" of the same integrand tends to zero as 5 — ?> since the denominator 
grows faster than the numerator. From this it follows that the integral over (Sj)^ is in fact 
zero and the right-hand side equals Jqi^^^^ Miiy{Ty{q, 1)). The last statement follows from the 
case V = 0. □ 

6.5. Multi-GKZ System. Batyrev S showed that a rational period of affine hypersurfaces 



in T satisfies the Gelfand-Kapranov-Zelevinsky (GKZ) hypergeometric differential system |24|. 
Borisov-Horja ^] showed that a certain collection of periods satisfies a multi-generator version 
of GKZ system, which they called better behaved GKZ system. Here we see that the residual 
B-model VHS can be realized as a sub D-module of the -D-module defined by the multi-GKZ 
system. This is related to the multi-generation phenomenon explained in the Introduction 



and Remark O. In joint work with Coates, Corti and Tseng, we also found that the 
multi-GKZ system arises for the quantum D-module of a toric orbifold X iise(/Q. 

Set N := N e Z and hi = {h, 1) G N. We still assume 6, / for all i and set bo = (0, 1). 
For simplicity we set N := m + s. Let A be the cone in the vector space Njj = N (S" M 
generated by A x {!}. Let mi, . . . , m^ be a basis of M = Hom(N, Z). Let mo € IIom(N, Z) 
be the projection to the second factor. We can then regard mo, mi, . . . , m„ as a basis of 
M := Hom(N,Z). 

Definition 6.11 (|^ H^)- The multi-GKZ system associated to {6o, ^i, . . . , ^at = bm+s} is 
the system of differential equations for a family {zUe{ao, ... ,0^) |e € NnA} of functions on 
(CX)Af+i gi^gn by L)^;e,e' = ^i,e = 0, where 



i=0 ^ ^ i=0 ^ 



Zi,e ■■= '^{mi,bj)aj—-^ + ((mj,e) - (3i)we, <i<n, 

u runs through all elements in Z,^^^ satisfying e' = e -|- "^j^Qi^ibi and € (Z>o)^^"'^ 

are given by i'±^i = max(ibt'j,0) (then u = vj^ — v ). The constants /3o, . . . ,(3n are called 
exponents. Alternatively, we can regard the multi-GKZ system as a D-module on (C^)^^"*^ 
defined by 

(38) Vm,/ ^^-;e,e'+ Yl 

eGNnA e,e',i/: as above l<i<Af,eeNnA 



where zue here is a formal symbol and V = C {a^, • • • , a^,dao, • • • , 9, 



"JV/ 



It is easy to see that the multi-GKZ system is generated by finitely many We- In this 
section, for a = {ao, . . . ,a]\f) S (C^)^+^, we set Wa{t) = ao + X^^i ai^*' and Ya ■= {t € 
T I Wait) = 0}. Then Wa{t) and Ya in the previous section are recovered by setting ao = — 1- 
Note that Y(ao,a') = for ao € C^, a' E (C^)^. Take a locally constant section 



-'^'''The multi-generation occurs typically for non-compact X. It can also occur for compact X which does 



not satisfy the assumption in Section [4.l| . 
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r(a) € Hn{T,Ya','^) of the relative homology bundle over the a-space. Let C{a) := dr{a) G 
Hn-i{Ya; Z) be its boundary. For e = (6, A;) G A n N we set 

n.,„) 1,1 /,_^^R«(^|l A... A f.) 

for A; > and for /c = (in this case e = 0), 

T-r / N f dti dtn 

Uo{a):=- -^A---A-^. 

Jr{a) tl tn 

The integrands of these period integrals He (a) generate the relative cohomology bundle 
U«-H'"(t,i^a) by the results of Batyrev || and Stienstra || (see also |4|). 



Proposition 6.12. The set of functions ne(Q;), e G N n A satisfies the multi-GKZ system 
with exponent /3 = (0, 0, . . . , 0). 



Proof. Borisov-Horja |Q, Proposition 5.2] proved a similar result. Stienstra j^Sj proved that 
Ho satisfies the ordinary GKZ system. The proposition here can be proved by an easy di- 
rect calculation, using the formula for 5a^no(a) of Konishi-Minabe ||4^, Section 4.3] and the 
method of Batyrev [0, Theorem 14.2]. □ 



The relative cohomology bundle -ff"(T, Yq) has the rank Vol(A) (|3^ ) and the multi- 
GKZ system has the same rank by Borisov-Horja Section 3]. Thus they are isomorphic 
as a local system. Because Wn-i{H^~^ iXa)) — >■ H^(^,Ya) is injective (see (|3^)), the residual 
B-model VHS is embedded in the multi-GKZ system. Note that He (a) is a period of the 
residual B-model VHS if e is in the interior of A and also that the corresponding residue 
classes on generate the B-model VHS. Therefore we have the following. 

Theorem 6.13. Let vr: (C^)^^"*^ — > 7W 5e the map sending (Qo,a') to [—a^^a'] and set 
(C^)^^-'^ = TT^^{M.vcg)- Under the pull-hack by it: (C^)^^-'^ — )■ A^reg, the residual B-model 
VHS is isomorphic to the sub D-module of the multi-GKZ system (^) generated by zue such 
that e is in the interior of the cone A. In particular, the ambient A-model VHS is embedded 
in the multi-GKZ system under mirror isomorphism of Theorem \6. 4 



Remark 6.14. We will see that the multi-GKZ system here describes the quantum D-module 
of the total space of Kx in So QDM^^^{y) is contained in QDM{Kx)- 



Remark 6.15. The above identification between the multi-GKZ and the relative cohomology 
introduces a mixed Hodge structure on the multi-GKZ system. In the context of orbifold mir- 



ror symmetry, Corti-Golyshev ||19[ studied the hyper geometric system associated to weighted 



projective Calabi-Yau hypersurfaces and its Hodge structure. 



Remark 6.16. Mann-Mignon obtained another (but closely related) description of the 
quantum D-module of a nef complete intersection in a smooth toric variety. 



6.6. Questions and Example. In Theorem |6.9| , we showed the correspondence between 
vanishing cycles on and ambient K-classes on y. This match of the integral structures 
is not completely satisfactory. For example, the class [Opt] on 3^ would not be contained in 
i*K{X), but the corresponding mirror cycle exists (see Theorem S.lOj ). We can also consider 
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different integral structures whicli might be more natural. For example, on the A-side, we 
can take the integral structure 

Ha,z = H£) I ch(^) e H:^^{y),£ g K{y)}- 

This is bigger than in general. On the B-side we could consider the integral structure 

Wn-i{H^~^{Ya)) n H^~^ {Ya, ■ When we can choose a smooth compactification 3^q,, we 
could also take the integral structure H^~^{ya) n i7"'~^(3^Q,; Z). 

Question 1. What is the integral structure in the B-model corresponding to Ha,i,? 

Yongbin Ruan asked the following question to the author. 

Question 2. What is the "correct" definition of the integral middle homology group of the 
orbifold in this context? 

Mirror symmetry for the orbifold Hodge numbers of toric Calabi-Yau hypersurfaces was 
studied by Borisov-Mavlyutov |11]. 



Question 3. Can one extend the mirror isomorphism of VHS beyond the ambient part/residue 
part? Then what is the integral structure in the B-model VHS on the full orbifold cohomology 

ofya? 

Example 6.17. We first consider the simplest example of an elliptic curve y inF^. The 
mirror is defined by Wa{ti,t2) = aiti + 02*2 + 03(^1^2) The -co-ordinate q on M = 
is given hy q = 010203. We choose a section (01,02,03) = (1,1, q) and work with 
Wq{t) = ti + t2 + q{tit2)~^- The mirror hypersurface Yq = {Wq{t) = 1} is an elliptic curve 
minus 3 points. The function Wq{t) has the three critical values 3q^^^, Swg^/^, Sw^g^/^, where 
uj = e^'^^/^. Let q > he small and take vanishing paths from the three critical values to 1 
as shown in Figure |l]. The Lefschetz thimble Fj from Sco^^q^^^ {i = —1,0, 1) along the given 



1 (smooth fiber) 




Sio'^qa 



Figure 1. Vanishing Paths 



vanishing path corresponds to the line bundle 0{i) on P^. The vanishing cycle = dFi C Yq 
corresponds to L*0{i) under Mir^. For a suitable symplectic basis {A,B} of Hi(Y ^,1'), we 
have 

C±i = A± 3B, Co = A. 
Similarly for a basis {Opt, Oy} of the topological i^-group K{y) of y, we have 

i*0{±l) = 0y±30pt, i*0 = Oy 
in K{y). Therefore Mir^ extends to an isomorphism of the overlattices in this case. 

HK,z^K{y)^Hi{Y^;'L). 
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Example 6.18. Next we consider a quintic threefold y in P^, famous example studied in 
[p^ . The mirror of y is defined by the function Wq{xi, . . . , 2:4) = xi + X2 + X3 + X4 + X5 + 
g/(xiX2X3X4X5) with oue complex parameter q S C^. The affine hypersurface Yq = {z ^ 
T\Wq{x) = 1} can be compactified to a smooth Calabi-Yau manifold yq. In this case, the 
ambient A-model VHS of 3^ is a flat bundle of rank 4 with fiber ^^^^ H^P{y) = HP'P{y) 
and the residual B-model VHS of yq is a flat bundle with fiber H^{yq). We shall show that 
the isomorphism of the Z-structures in Theorem 

MirJ: HT^i = i*K{X) A Hl^^^ C ^3(3)^;^) 

extends to an isomorphism K{y) = H^{yq] Z) of the overlattices. (Here as usual K{y) denotes 
the topological i^-group.) By the Atiyah-Hirzebruch spectral sequence, we know that K{y) 
is a free Z- module generated by Opt, Oc, Od, Oy where C C 3^ is a line and D = 3^ n P3 
is a hyperplane section. Under the isomorphism K{y) (g) Q = H^{yq]Q) of rational vector 
spaces, the dimension filtration K<q C K<i C i^<2 C i<r<3 = K{y) induces the filtration 
Wq <ZWi <Z W2 C Ws = H^{yq;Q). For £ G K{y), we denote the corresponding element in 
HsiyqlQ) by the same symbol. We set W^- = Wi D i?3(3>q;Z). We have Wq = Q[Opt]. For 
Q G W^, we have a — {a ■ [Opt])[Oy] G = W2- Here the intersection number a ■ [Opt] is 
an integer since [Opt] G H^{yq]Z) by Theorem This shows that 



Wi = W^+Z[Oy]. 

It is easy to see that the perfect intersection pairing on W"^ induces a perfect pairing on 
W^/W^. We know that [Od] = [Oy - Oy{-l)] and [On? = 5([Oc] - 2[Opt]) belong to 
i*K{X) and thus to H^{yq^'L). They also form a rational basis of W2/W0. Take an element 
a[OD] +6[Oi:)]^ G W2/WQ. By taking the tensor product with Oy{—l) which corresponds to 
the monodromy transformation around (7 = 0, we have a[0£)]^ G W2 /W^. Hence {a[OD\ + 
6[Od]2) • {a[OD?) = G Z. Thus a G Z. Therefore 

= W^ + Z[Od]. 

Moreover the perfectness of the pairing on Wi'/W^ implies that [Oc] = [Od?/5 G W^/W^ 
and that ^^2^/1^0^ = Z[Oc] eZ[OD]. By pairing with [Oy] again we know that = Z[Opt]. 
These show that K{y) ^ W-f = Hsiyq; Z). 

Remark 6.19. Hartmann [^] studied Hodge-theoretic mirror symmetry for a quartic K3 
surface and identified the mirror periods with certain hyper geometric functions. 
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